CLASP TECHNOLOGY TO KNOT HOMOLOGY VIA THE AFFINE 

GRASSMANNIAN 



SABIN CAUTIS 

Abstract. We use the affine Grassmannian to categorify the Reshetikhin-Turaev tangle invariants of 
type A. Our main tool is a categorification of all the generalized Jones-Wenzl projectors (a.k.a. clasps) 
as infinite twists. Applying this to certain convolution product varieties on the affine Grassmannian 
we extend our earlier work with Kamnitzcr CaKl CaK2 from standard to arbitrary representations. 
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1. Introduction 

The purpose of this paper is twofold. First we give a general method based on the higher representa- 
tion theory of Z7 g (s[oo) for categorifying all the tangle invariants associated to sl m . Roughly speaking, 
we show how to define homological tangle invariants starting with any categorification of the special 
C/,(s[ 00 )-modules A™°°(C m <g> C 2o °) (or of its submodule A^°(C 2oo ) Ig,m ). Along the way we categorify 
the Jones-Wenzl projectors and their generalizations (called clasps). 

Secondly, we explain how the affine Grassmannian of PGL m (resp. Nakajima quiver varieties) 
gives rise to a categorification of the C/ 9 (sl 00 )-module A™°°(C m <g> C 2o °) (resp. A~(C 2oo )® m ) by using 
categories of coherent sheaves. Subsequently, both the affine Grassmannian and Nakajima quiver 
varieties can be used to categorify all the Reshetikhin-Turaev link invariants of type A. 



1.1. Reshetikhin-Turaev invariants and Jones-Wenzl projectors. Let g be a complex semisim- 
ple Lie algebra and denote by U q (Q) the corresponding quantum group. Consider a tangle T whose 
strands are labeled by dominant weights of g so that the strands at the bottom and top are labeled by 
A = (Ai, . . . , A„) and fi = (jjli, ... ,//„/) respectively. 

l 
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Following Reshctikhin-Turaev |RTj one can associate to T a map of [/g(0)-modulcs 

V>(T) : V k = V Xl ® • • ■ ® F An — ► V M1 ® • ■ • ® F M „, = 

where V\ denotes the irreducible C/ g (g)-module with highest weight A. This map is an invariant of 
framed tangles. In particular, if T = K is a framed link then ip(K) is an endomorphism of the trivial 
[/ 9 (g)-module. Such a map is given as multiplication by some ip(K)(l) G C(q). For example, if = 
and all the strands are labeled by the standard representation then tp(K)(l) is just the Jones polynomial 
of if. 

If — s( m then to define ift(T) for a general tangle T we need the following: 

(i) maps ip(T) where the strands of T are labeled only by fundamental weights and 

(ii) idempotents corresponding to the composition Plj 

V Ail <8 • • • ® Va <n A Aifc A VA n <g> • • • g> Va ijv 

where Ai, . . . , A m _i denote the fundamental weights of s[ m and n, i are the natural projection 
and inclusion maps. 

For example, to compute the invariant of the unknot labeled by V2A1 one calculates the following 
composition 

C -> (V£ ® V£ ) ® (V Al ® F Al ) (V£ ® ) ® (V Al ® V Al ) -> C 

where the leftmost (resp. rightmost) map corresponds to a double cup (resp. double cap). 

One way to define the maps in (i) is using skew Howe duality (see section RTT1 for details). More 
precisely, fix m and consider the vector space A mN (C m ® C 2N ) equipped with commuting actions of 
U(sl m ) and U(sIn)- As a t/(s[jv)-module it breaks up into weight spaces of the form Vx H ® ■ • • ® Va s 
where Ek,Fk € f/(s(oo) are maps 

(1) y An (8) ■ ■ ■ <g> y Aifc <g> y Atfc+i ® • • • ® F Aijv «=* F Aii ® • • • ® ® V Aife+i+1 ® • • • ® Va 1jv • 
The generators of the Weyl group of sl^ induce maps 

(2) s k : v Mi ® • • • ® y Alfc ® y Alfc+i <g> • • • ® y Aliv — ► Va 4i ® • • • ® v Atk+i (g>v Mk ®---® v AiN . 

One can lift these maps from U(sIn) to U q (slN) to obtain a braid group action between the weight 
spaces of A^ (C m ® C 2Ar ). In CKL1 wc showed that this agrees with the braid group action defined 
by Reshetikhin-Turaev using the R- matrix associated with sl m . With a little more work (see section 
17. 2[) one can also define caps and cups and thus recover all the tangle maps ip(T) from (i). 

Notice that more strands in our tangle the larger the N we need to use. In order to work with all 
tangles in a uniform manner we let N — > 00 and pass to the C/ 9 (s[oo)-module A™°°(C m ® C 2o °). 

Next consider the idempotents Pit in (ii). When m = 2 they are the standard Jones- Wenzl projec- 
tors. These have been studied extensively (see for instance [KaLij ) and can be described recursively in 
terms of caps and cups. When m = 3 they were studied by Kuperberg |Kup| and also given a (more 
complicated) recursive definition in terms of webs. Kuperberg called these idempotents clasps. We 
will adopt this terminology for all idempotents Pit when m > 2 (alternatively one could call these 
generalized Jones-Wenzl projectors). 

1.2. Categorification. The idea of categorification is to replace the vector spaces V\ by additive 
categories P(A) and the maps ip(T) : V\ — > V M by functors *f?(T) : T>(X) —> T>(fi) such that: 

• W(T) are tangle invariants (i.e. invariant under the Reidemeister moves), 

• the Grothendieck group of 2?(A) is isomorphic to V^, 

• W(T) induces the Reshetikhin-Turaev map ip(T) at the level of Grothendieck groups. 
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It T = K is a link and £>(0) (the category associated to the trivial representation) happens to be the 
homotopy category of graded vector spaces then ^(K) is given by tensoring with a complex ^f(K)(C) 
of graded vector spaces. Thus ty(K)(C) yields a Z 2 -graded invariant of the link K whose graded Euler 
characteristic is the Reshetikhin-Turaev invariant ip(K)(l). 

The first example of this type of categorification is due to Khovanov [Khll IKh2j . He considers the 
case where g = SI2 and all the strands of T are labeled by the standard representation. His construction 
uses the derived category of modules over certain arc-algebrafl In subsequent work |KR) , Khovanov 
and Rozansky consider g — sl m where all strands are again labeled by the standard representation (or 
its dual). This time T>(\) are categories of matrix factorizations. 

In |CaKl[[CaK2] . jointly with Kamnitzer, we consider g — sl m where again all strands are labeled by 
the standard representation but instead of matrix factorizations we use derived categories of coherent 
sheaves on certain varieties (see section l8.3.ip . These varieties are iterated projective bundles and 
their construction was inspired by the geometric Satakc correspondence for the affinc Grassmannian of 
PGL m . 

The current paper extends [CaKll ICaK2j to tangles labeled by arbitrary representations of s[ m . 
To do this we lift the maps in (i) and (ii) from vector spaces to categories. To lift (i) we start 
with any categorical 2-representation K, of s loo (see section |2~2|) which categorifies the C/ 9 (s[ 00 )-module 
A™°°(C m ®C 2o °). Roughly, this means that we have additive categories V(i) categorifying the weight 
spaces Va h ® • • • <8> Va ;jv and functors 

T>(h, . . . ,ik,ik+u ■ ••)*«•) j J" ^ "D (h, ■ ■ -,ik - Mfe+i + 1, • ■ • , in) 

1 i~k 

lifting the maps in ([T]). Using a categorical version of skew Howe duality (following [CKL1, CKL2, 
CKL3]) one can show that such a 2-representation gives rise to a braid group action 

(3) T fc : Kom(D(i 1 , . . . ,i k ,i k+1 , . . . ,i N )) — > Kom(X»(ii, . . . , i k+1) ik, • ■ • , 

which lifts the map in ^ from vector spaces to categories (here Kom denotes the associated homotopy 
categories as in Example 2 of section l?.1.3[) . 

In step (ii) we need to categorify the clasps Pl^. The clasps for g = sl m when m > 3 have not 
been studied extensively and even when m = 2,3 they are quite complicated. If m = 2 (the case of 
Jones- Wenzl projectors) there are several categorifications which we discuss in section II. 51 

To categorify more general clasps (m > 2) we use an observation which (to the best of our knowledge) 
first appeared in |Rozj . It relates the Jones- Wenzl projectors with infinite braids. 

One of the main results of this paper is to show that this is true for arbitrary clasps. More pre- 
cisely, consider the infinite braid lim^oo T^ l, where T w (see equation (|6])) denotes the braid element 
corresponding to the longest root. We show that: 

• [Theorem I2.2| This limit exists (i.e. that it converges) and defines an idempotent P~li. 

• [Theorem I2.3| P~lj categorifies the clasp Pli- 

• [Theorem I2.4| Together with the tangle functors ^>(T) these categorical clasps define an in- 
variant vp_(T) which yields a Z 2 -graded link invariant 7i l J_ J (K). 

We can summarize the content of these three theorems as follows: 



Any 2-representation of stoo which categorifies A™°°(C m <8> C 2o °) can be used to categorify the 
Reshetikhin-Turaev invariants of framed tangles labeled by arbitrary representations of slm. 



Technically speaking the Grothendieck groups of these module categories are only isomorphic to the zero weight 
space of V\ but for the purpose of categorifying link invariants this suffices. 
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1.3. The affine Grassmannian and Nakajima quiver varieties. To apply the constructions above 
we need to categorify the C/ g (s[oo)-module A™°°(C m <g)C 200 ). Such a categorification is give using derived 
categories of coherent sheaves on certain varieties Y(i) (see 18.3. T1) . 

More precisely, we define the 2-category /Ccr.m where the objects are T>(£) := D(Y(i)), 1-morphisms 
are integral kernels (Fourier-Mukai transforms) between these varieties and 2-morphisms are maps 
between such kernels. Then we show that: 

• [Theorem I2.6| /Ccr.m is a categorical 2-representation of in the sense of section l2~2l which 
categorifies the C/ 9 (s[ 00 )-module A™°°(C m <g> C 2oc ). 

The f/ 9 (sl 00 )-module A™°°(C m ® C 2o °) contains a natural submodule A^(C 2oo )® m consisting of the 
weight zero weights for the commuting action of U q (sl m ). It turns out that: 

• [Proposition 19. 1] Derived categories of coherent sheaves on Nakajima quiver varieties of type 
A can be used to define a 2-category /Cq,™ which categorifies A^°(C 2oo )® rn . 

• [Theorem O] Any categorification of A^°(C 2oo )® m can be used, in the same way as above, to 
categorify the Reshetikin-Turaev link invariants of type A. 

We can summarize all this as follows: 



Starting with the affine Grassmannian of type A (resp. Nakajima quiver varieties of type A) we 
define a 2-category K,Gr, m (resp. /Cq iI7 j) which categorifies the C/ 9 (sl 00 )-module A™°°(C m (g>C 200 ) 
(resp. A£°(C 2oo )® m ). 



1.4. Vertex operator constructions. The Frenkel-Kac-Segal vertex operator construction recovers 
the basic representation of sl n from the Fock space representation of the Heisenberg algebra. This 
construction was categorified in [CLill ICLi2] . 

More precisely, in |CLilj we defined a 2-representation on categories of coherent sheaves on Hilbert 

schemes of points |L-^r wnere Xr = C 2 /r and T — TLjnL C SL2(C). This categorified the Fock 
space. Then in |CLi2 , starting with the Heisenberg 2-reprsentation from [CLil] . we defined various 
complexes of functors giving a 2-representation of sl n which categorified its basic representation. Other 
representations of si n can also be categorified this way. 

Now, in the story above, one can replace C 2 /T by the stack [C 2 /r] and then T = Z/nZ by T = C x 
to obtain the stack [C 2 /C x ]. Then the constructions above generalize to yield categorifications of sloo 
representations. In particular, one can categorify A^°(C 2oo )® m this way and, using the results in this 
paper, define all the categorical Reshctikhin-Turaev invariants (of type A) by working with the Hilbert 
schemes |_|„[ C 7 CK ] W - 

1.5. Related work on categorical projectors and knot homologies. In the last few years several 
papers dealing with categorified Jones- Wenzl projectors (and clasps more generally) have appeared. 
We briefly recall some of these and their relation to our work. 

In [Rozj Rozansky categorified the Jones- Wenzl projectors within Bar-Natan's graphical formulation 
of Khovanov homology |BNlj . In this setup the 1-morphisms are tangles and 2-morphisms are cobor- 
disms modulo certain relations. His construction is essentially the same as ours in that the projectors 
are defined as infinite braids. However, since he only considers the 5I2 case, the braid group actions 
are simpler and the infinite braids easier to deal with. 

Independently, Cooper and Krushkal [CoK] also categorify the Jones- Wenzl projectors within Bar- 
Natan's setup using a recursive definition of the projectors (incidentally, such recursive descriptions 
have also been written down for 5(3 clasps, see for instance [Kim ). In the case of two strands, they 
describe the projector explicitly |CoK[ Sec. 4.1] as a complex which is very similar to that in (f57|) . 
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Indeed, if we depict F2 as a cap and E2 as a cup then (157j) can be identified with the (dual) of their 
complex. Various follow up computations can be found in |CHKj . 

One should be able to categorify the sloo-module A^°(C 2o °)® 2 using Bar-Natan's setup mentioned 
above. Having done this, it will not be hard to show that the constructions in this paper agree with 
the Jones- Wenzl projectors from [Rozl ICoK] . 

In [Rosj Rose works within the Morrison-Nieh |MN] formulation of 5(3 knot homology to categorify 
5(3 clasps. Again, one should be able to categorify A^°(C 2o °)® 3 in this Morrison-Nieh framework. Then 
the clasps constructed by Rose will be recovered from the construction in this paper. 

More generally, one could try to replace tangles with webs and cobordisms with foams. Working 
with the right setup one should be able to categorify A^°(C 2oo )® m for any m. The precise relationship 
between webs and sloo (at the decategorified level) will be spelled out in |CKM] using skew Howe 
duality. 

1.5.1. Work of Frenkel-Stroppel-Sussan. Another categorification of Jones- Wenzl projectors appears 
in [FSSj . The SI2 representation V® n (where V is the standard representation of sl 2 ) is categoried 
by ©fe =0 ^4fe.n — gmod for some graded algebras Ak, n (this follows from [FKSj where these categories 
correspond to a certain category O). The Jones- Wenzl projectors are then categorified by explicit 
(A k , n , A fcj „)-bimodules. 

The simplest nontrivial example of their construction is when k = l,n = 2. In this case Ai, 2 is a 
5-dimensional algebra which can be described as the path algebra of the quiver 

X 

v jT^Zj- * w with relations yx = 0. 

y 

If we denote by e w the constant path that starts and ends at w then e. w A\^e w = C[i]/t 2 where t = xy. 
The projector is then defined by the (Ai 2 , ^4i j 2)-bimodule Mi 2 "■= Ai 2 e w ®c[t]/t 2 &wA\j, (the tensor 
is derived so this ends up being a complex of bimodules). 

On the other hand, [CoKj also defines a complex of bimodules which categorifies this particular 
Jones- Wenzl projector. Stroppel and Sussan [SSj show that these two projectors are related by Koszul 
duality. 

One can draw the following parallels between their work and the results in this paper. 



A\^2 - gmod ^ - - 


coherent sheaves on T^F 1 
(or on its compactification Y(l,l)) 


projector induced by bimodule 


functor where p : T+F 1 ->■ T+F 1 
is the affinization map 


relation proved in [SSJ between 
Mi, 2 and CoK projector 


, Propositionlll.8l 


conjectural relation between |FSS| 
projectors and CoK projectors 


Conjecture 111.91 



It is an open problem to generalize the category O approach of |FSS[ ISS] from sfe invariants (and 
Jones- Wenzl projectors) to sl n invariants (and clasps) and to extend the table above. 



1.5.2. Work of Webster. In |W1[ IW2j Webster also describes a categorification of sl n Reshetikhin- 
Turaev invariants although his approach is quite different from ours. For each tensor product V\ = 
V\ 1 ®- • -<8)V\ k of arbitrary (finite dimensional) sl„ representations he defines an algebra A\ generalizing 
the cyclotomic KLR algebras (a.k.a. Hecke quiver algebras) introduced in |KL1| lKL2j IKL3| IRoul] . He 
shows that these algebras have the right Grothendieck group |Wlj and then writes down a braid group 
action on their module categories |W2j which gives rise to homological knot invariants. 
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It would be interesting to relate his construction with ours. In particular, if Xk = Ai fc are all funda- 
mental weights then variety Y(i) we use in section [5] should be related to the algebra A\. Furthermore, 
there should exist two functors 

£>(A A -mod) — > D ( A Y. k A . -mod) — > D(Ax-mod) 

whose composition categorifies the clasp Pli- This composition should agree with the clasp P~lj : 
D(A\— mod) — > D(A\— mod) which was defined above as an infinite braid. 

1.5.3. Work of Wu and Yonezawa. In [Wu Wu categorifies the sl m invariants of links labeled by 
fundamental representations using categories of matrix factorizations. This generalizes the approach 
of Khovanov-Rozansky |KR| . To a crossing he assigns a complex of matrix factorizations and then 
checks that these complexes satisfy the Reidemeister moves. Independently, Yonezawa [Y] has a very 
similar construction but does not check the Reidemeister relations in all cases (supposedly because the 
calculations become very complicated). 

One expects that their categories of matrix factorizations assemble to give a categorification of 
A™°°(C m <g> C 2o °) or A£°(C 2oo )® m . The Reidemeister relations would then follow immediately as in 
our discussion above. 

1.6. Finite dimensionality, functoriality and cobordisms. In |CaKl[ Sect. 7] we showed that 
the tangle invariant ty(T) we had defined extends to an invariant of tangle cobordisms. This means 
that for any tangle cobordism T —> T' there exists a natural transformation ty(T) — > ty(T') (defined 
up to scaling). The model we used involved four generating cobordisms: the birth and death of a circle 
and two saddles (see |CaKl[ Fig. 4]). 

The saddles were both defined as adjunction maps since the cap and cup functors are adjoint to each 
other. The circle is also the composition of a cup and a cap and its death and birth were similarly defined 
by adjunction maps. In that case the homology of the unknot was isomorphic to C[t]/t 2 = 7J*(P X ) and 
the cobordisms endowed this vector space with the natural ring structure. 

Now, consider the sl m tangle invariants in this paper, obtained from a categorification of A™°°(C m <E> 
C 2o °) as explained in section ll~21 To simplify our discussion suppose all the strands are labeled by a 
fixed representation V\. If A = A& is a fundamental weight then no clasps are needed and subsequently 
the homology of any link is finite dimensional. 

In this case, the arguments in [CaKll Sect. 7] translate directly to give cobordism invariants in the 

(r) (r) 

sense above. For example, a cup and cap are given by functors and using our categorification 
of A™ 00 (C m (g> C 2o °) and these functors are (by definition) adjoint to each other. If K\ is the unknot 
labeled by V\ where A = A& then its homology %*1*{K\) is isomorphic to H*(G(k, m)) where G(k, m) 
is the Grassmannian. The cobordism structure then endows it with the obvious ring structure. 

On the other hand, if A is not a fundamental weight then one needs to use the clasps P~ which are 
infinite complexes. Subsequently, the homology of a link will be infinite dimensional. The approach 
from |CaKl[ Sect. 7] still gives us cobordism maps for saddles but we can no longer define maps for 
birth and death cobordisms. 

The resulting homology of the unknot Ti*l*{K\) is now infinite dimensional (see section [10] for some 
sample computations). But since we still have saddle cobordisms this endows T-L*1*{K\) with a ring 
structure. It would be interesting to identify this ring structure more explicitly. 

1.6.1. Cobordisms of Khovanov-Thomas. The definition of a braid group categorification from [CSl lKT] 
involves a further type of cobordism. These cobordisms are between (positive or negative) crossings 
and the identity functor. There are four maps one needs to define: namely id — > and — > id. 
Here the braid element Tj is given by the complex defined in (j4]) where (A, oii) = 0. In our setup, it 
suffices to define these four maps when dealing with crossings between two strands labeled by the same 
fundamental representation. 
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Two of these four maps, namely id — > T, and T~~ — > id are easy to define. For instance, Tj is given 
by a complex [•••—> E^Fi ( — 1} — > id] and id — > Tj is induced by the identity map id — > id. These 
correspond to maps (3.5) and (3.6) in the example from )KT] . The other two maps involve the natural 
transformations Ok (see section [2~2)) and correspond to (3.7) and (3.8) in KT . The fact that these 
maps give a cobordism action in the sense of Khovanov-Thomas is not difficult. 

The definition in |CS| IKT] applies when all strands are labeled the same. There should be a more 
general definition which works for any labeling of strands. This should include cobordisms Ti o T~~ 
between positive and negative crossings of two strands labeled by different weights. In future work, we 
hope to get back to this question and its relation to constructions in this paper. 

1.7. Acknowledgments. I would like to thank Pramod Achar, Joel Kamnitzer, Mikhail Khovanov, 
Aaron Lauda, Anthony Licata, Raphael Rouquier, Lev Rozansky, Noah Snyder and Joshua Sussan for 
helpful discussions and for their patience answering my questions. This project was supported by NSF 
grants DMS-0964439, DMS-1 101439 and the Alfred P. Sloan foundation. 

2. Statements of results 

2.1. Lie algebras and braid groups. For convenience the base field will always be C. We deal with 
representations of g = sl n or g = sIoq. This means that the vertex set / of the Dynkin diagram of g is 
indexed by {1, . . . , n — 1} if Q = sin or by Z if g = sloo- We fix the following data: 

(i) a free Z- module X (the weight lattice), 

(ii) for i £ I an element oti £ X (simple roots), 

(iii) for i £ I an element Aj £ X (fundamental weights), 

(iv) a symmetric non-degenerate bilinear form (■,■) on I. 

These data should satisfy: 

(i) the set {a{\i^i is linearly independent, 

r 2 if i = j 

(ii) for all «, j £ I we have (a*, aj) = < — 1 if \i — j\ = 1 , 

[o if \i-j\ > 1 

(iii) (Aj, aj) = Sij for all i,j G /. 

If V is a representation then V{n) denotes the weight space corresponding to /i € X. If A £ AT is a 
dominant weight then V\ denotes the irreducible representation with highest weight A. More generally, 
for a sequence A = (Ai, . . . , Afe), where each Aj £ A is dominant, V\ := V\ 1 • ■ ■ <8> V\ k . 

We let W g denote the Weyl group of g. It has generators Sj for i £ I and relations sf = 1 and 

SiSjSi = SjSiSj if \i - j\ = 1, 
SiSj = SjSi if \i — j\ > 1. 

This group acts on X via Si ■ A := A — (A, ai)ai. 

We let B g denote the braid group of type g. This has generators cr,; for i £ I and relations 

Pi&jO'i = GiViGj if I* — j\ = L 
(7j(7j = OjOi if \i — j\ > 1. 

2.2. Categorical 2-representations. For a review of 2-categories see section l3Tl A categorical 2- 
representation of g consists of a graded, additive, C-linear, idempotent complete 2-category 1C where: 

• 0-morphisms (objects) are graded, C-linear, additive categories 2?(A) indexed by weights A £ 
X. 
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• 1-morphisms arc functors between these categories and include 

Ef hx : 23(A) -> 23(A + ra 2 ) and l A F,[ r) : 23(A + raj -> 23(A) 

where i £ I and r G Z. By convention E^ 1 A is zero if r < and equals 1 A (the identity 
morphism on 23(A)) if r — 0. 

• 2-morphisms are natural transformations of these functors and include a map Qi : 1a —> 1a (2) 
for each i £ I, 

On this data we impose the following conditions. 

(i) (Integrability) For any root a £ X the object 23(A ± ra) is zero for r>0. 

(ii) Each category 23(A) is (split) idempotent complete and the space of horns between any two 
objects is finite dimensional. Moreover, its Grothendieck group K (23(A)) is finite dimensional. 

(iii) If A is non-empty then Hom£(l A , 1a(0) is zero if I < and one-dimensional if I = 0. Moreover, 
the space of 2-morphisms between any two 1-morphisms is finite dimensional. 

(iv) E< r) l A and F< r) l A are left and right adjoints of each other up to shift. More precisely 

(a) {E { : ] l x ) R ^l x F ( [\r{{\ iai )+r)) 

(b) (E t M l A ) i = l A Ff ) (-r((A,a l )+r)). 

(v) We have 

FiEil A ^ EiFil A ®[-(x,<h)] !a if (A, aj < 
E 4 F 4 1a = F t E,lA ®[{X, at )] 1a if (A,Qti) > 0. 

(vi) We have EjE^Ia = ©[ r+1 ]E,[ r+1 'l A = E| 'Ejl A and likewise for Fs instead of Es. 

(vii) If \i — j\ = 1 then 

EiEjEil A = Ep'Ejl A © EjE^l A 

while if \i — j\ > 1 then then EiEjl A = EjEil A . 

(viii) Uiy^j then F J E J 1 A = E i F J l A . 

(ix) The map 19 jl : Eil A E^ — > E,l A Ej(2) induces an isomorphism between the summands E- (1) 
on either side if j = i and induces zero otherwise. 

Remark 2.1. The word "categorical" refers to the fact that the weight spaces 23(A) are actual cat- 
egories. This is in contrast to the definition of a "2-representation" from [CLaj where the objects, 
indexed by weights, have no extra structure. 

We will denote by Kom~ (23(A)) the (bounded above) homotopy category of 23(A). Here the objects 
are bounded above complexes of objects in 23(A) up to homotopy and 1-morphisms are maps of com- 
plexes. Notice that these are now Z © Z-graded additive categories since we have the old grading (•) 
and the new cohomological grading which we denote [•] . 

More generally, we denote by Kom~(/C) the homotopy 2-category of JC where: 

• 0-morphisms (objects) are doubly graded, C-linear additive categories Kom - (23(A)) indexed 
by weights \£ X. 

• 1-morphisms are bounded above complexes of 1-morphisms in /C where homotopy equivalent 
complexes are deemed isomorphic. 

• 2-morphisms are maps of complexes made up of 2-morphisms from /C. 

In section [3731 we define certain smaller subcategories Kom~ (23(A)) C Kom - (23(A)) and Kom7(/C) C 
Kom _ (/C) which come equipped with maps 

p : if (Kom" (23(A))) if (23(A)) and p : K (Kom~(/C)) K(K,). 

Here K (•) denotes the Grothendieck group of a category and K(-) its completion (see section I3~3")) . 
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Inside Kom t (/C) one can define the Rickard complexes 

(4) T,1a :=•••-► E<-< A '°"> + '>F«<-s>l A ^ E^^^ (-(, 1))1 A ->...-> E^< A ' Q ^> ) 1 A 

(5) T 4 1a :=•••-»• fP""> + '>E« <-*>!* ^> F p^> +s -i) E (.-i) ( _ (s _ 1))1a F p«»l A 
depending on whether (A, a>i) < or (A, a,) > respectively. Notice that in an integrable representation 
these complexes are finite since E^ s) l A = and f| s) 1 a = for s > 0. In |CaK3j we showed that these 
complexes satisfy the braid relations of B g . 

2.3. Statements of results. 

2.3.1. Result #1. Suppose q = sl n . Associated to the longest element uj e W B (with respect to the 
Bruhat order) we have the complex 

T W 1 A : Kom; (25(A)) -> Kom; (V{w • A)). 

For example if n = 3 then I = {1, 2} and T W 1 A = T]T2Til A . In general, 

(6) T W 1 A = (T n _i)(T„_ a T n _i) . . . (T 2 . . . T„_i)(Ti . . . T„_i)1a 

(7) S (T n _ a . . . Ti){l n -x • ■ • T 2 ) . . . (T„_ 1 T n _ 2 )(T„_ 1 )l A . 

Note that T 2 1 A = IaT 2 . Our first Theorem is that the limit lim^oo T~ makes sense and defines an 
idempotcnt. 

Theorem 2.2. Given a categorical 2-representation K. of sl n there exists a 2-morphism 1 A — > T^,1 A so 
that the limit lim^oo T 2 / 1 A converges to a complex P _ 1 A = T^ D 1 A 6 Kom~(/C) which is an idempotent, 
meaning that P~ • P~1 A = P _ 1 A . 

2.3.2. Result #2. Suppose K, is a categorical 2-representation of g = st n which categorifies the U q (sl n )- 
module A^ (C m <E> C") for some m, AT. The nonzero weight spaces in this case are parametrized by 
sequences i = . . . , i n ) such that < i%, . . . ,i n < to and J^k = N. More precisely, the weight 
space V(i) is isomorphic to 

A|(C m ) := A^(C m ) ® ••■ ® A*"(C m ). 

The composition A|(C m ) ^> V^r; a 4 ~^ A|(C m ) (where 7r and t are the projection and inclusion maps) 
defines an idempotent Plj := (1 o 7r)lj. This idempotent is a generalized Jones-Wenzl projector or a 
c^asp (following the terminology in |Kup]). 

Theorem 2.3. The functor P~lj = lim^-5.00 Tjjlj G Kom~(/C) categorifies the clasp Pli in the sense 
that p([P-li]) = Pli€K(X;). 

2.3.3. Result #3. Now fix m and suppose /C is a categorical 2-representation of stoo which categorifies 
the representation A™ 00 (C m (8)C 200 ). This representation is defined as a limit as N — > 00 of the E/g(st2iv)- 
modules A q nN (C m ® C 2N ). As discussed in section EU the nonzero weight spaces of A™°°(C m <g> C 2o °) 
are parametrized by sequences i = (. . . , ik, ik+i, • ■ • ) where < ifc < to and i& = for k <C 0, ife = to 
if fc 3> 0. The weight space V"(i) is isomorphic to 

A^(C m ) := • • • g> A; fc (C m ) ® A^ 1 (C m ) (8 . . . 

From this data one can construct a categorical (framed) tangle invariant as follows. 

• Ton strands labeled by fundamental weights A^ , . . . , A in one associates the category 

Kom~(D(0,£i, • • .,in,m)) 
where = (. . . , 0) and m = (m, . . . ). 
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• To a (positive) crossing exchanging strands k and k + 1 one associates the functor 

T fc l*: Kom-(P(|)) -> Kom~(X>(«* • i)). 

• To a cap one associates the functor 

E^ fc) li : Kom,: (D(. . . , i k -i,i k , ife+i , ife+2 , . • • )) -> Kom,: (£>(. . . , 0, m, i fc+2 , . . . )) 

where Kom~(2?(. . . , ifc_i, 0, m, ■ • ■ )) is identified with Kom~(V(. . . , i k ~i,i k +2, ■ • • )) using 
Corollary 17.81 The cup is defined in a similar way using ljF^ (see section I7T41 for details). 

• Finally, to a clasp one associates P"lj. 

Theorem 2.4. The functors above define categorical invariants of framed tangles labeled by arbitrary 
representations ofsl m . At the level of K -theory these induce the Reshetikhin-Turaev invariants associ- 
ated to U q (sl m ). 

Remark 2.5. In particular, this means that one can choose isomorphisms 

K(V{Q,h,...,i n ,rn)) A V Ail ®---®Va« b 

which intertwine the maps induced by the functors above for caps, cups and crossings with the 
Reshetikhin-Turaev maps. 

2.3.4. Result #4- In section [8] we define a categorical 2-representation /Ccr,m which categorifies the 
U q (s [oo)-module A™°°(C m <g> C 2o °). This 2-category consists of the following. 

• The objects in /Ccr,m are the derived categories of coherent sheaves on certain twisted products 
Y(i) — Y(ii)x . . . xY(i2n)- Here Y(ij) is the Grassmannian of ij-planes in C m which should 
be thought of as an orbit in the affinc Grassmannian of PGL m . Then Y(i) is an iterated 
Grassmannian bundle which has a concrete description (see section 18.3. 1| reminiscent of the 
cotangent bundle to a flag variety. 

• The 1-morphisms in /CGr,m are given by kernels 

4 r)l L G D(Y(i) xY(i + ra k ) and ljjf > e D{Y(i + ra k ) x Y{£)) 

as described in section [8.3.31 These kernels are defined by certain correspondences. 

• The 2-morphisms 9i are induced from certain deformations Y(i) of Y(i). These deformations 
are defined in section [5.3.41 while the procedure for obtaining Oi is discussed in section I8T2"1 

Theorem 2.6. The varieties Y(i), kernels £^ , and deformations Y(X) define a categorical 2- 

representation K,Q It7n o/s'oo- This 2-representation categorifies the U q (sl 00 ) -module A™°°(C m ® C 2o °). 

(r) (r) 

Remark 2.7. The data consisting of the varieties Y(i), kernels £ k , T k and deformations Y(X) 
define a geometric categorical stoo action in the sense of |CaK3j (see Theorem 18. ip . 

2.3.5. Result #5. In section [5] we introduce another categorical 2-representation /Cq iTO of sloo. This 
2-category is defined using coherent sheaves on Nakajima quiver varieties instead of the varieties Y(i) 
and categorifies the f7 9 (s[ 00 )-module A^(C 2oo )® m 

Following the same recipe as above one can show that any categorification of A^°(C 2oo )® m can also 
be used to categorify the Reshetikhin-Turaev link invariants associated with sl rn . The link homolo- 
gies obtained from /Ccr,™ and K,Q^ m are the same. We explain this geometrically by constructing a 
restriction 2-functor /Ccr.m ^Q,m which categorifies the natural projection of L r g (s[ 00 )-modules 

A™°°(C m ® C 2o °) — y A?°(C 2oo ) 0m . 
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2.3.6. Further Results. The clasp P~ G Kom~(/CGr,m) consists of complexes of 1-morphisms which are 
bounded above but not below. In section [TT] we discuss the analogous projectors P + G Kom + (/CGr.m) 
and explain that they are related to P~ via a duality functor D. 

Given a complex in a triangulated category one can try to define its convolution using an iterated 
cone construction (see section II 1 .2[) . This convolution may not exist and even if it exists it may not 
be unique. Using that /Ccr.m is also a triangulated 2-category we propose in Coni ecture 111.71 that the 
clasps P + can be convolved to obtain a 1-morphism C(P + ) G K.q t (the issue here is convergence). 

In Lemma 111.51 we prove this conjecture for the first nontrivial case when m = 2. Furthermore, 
we show that the resulting 1-morphism has a purely geometric description as the pushforward to a 
singular variety followed by pullback (Proposition 1 11.81) . We conjecture that this geometric description 
holds for all clasps when m = 2 (Conjecture II 1.9|) but fails when m > 2. 

Assuming that Conjectures 111.71 and 111.91 are true, we obtain a purely geometric construction via 
the affine Grassmannian for PGLi of all the Reshctikhin-Turaev tangle invariants associated with 
This means that all the functors, including the Jones- Wenzl projectors, have a geometric meaning. 

3. Some Preliminaries 

In this section we collect some conventions, definitions and results which will be used later. The 
reader may skip this and refer to it later as necessary. 

Except for some examples in sections 110.31 and 110.41 our ground field will always be C. We denote 
by [n] the quantum integer q n ~ l + q n ~ 3 + • • • + q~ n + 3 + q~ n+1 . More generally, 

M ■■■[!] 

([n-fc]...[l])([fc]...[l])- 

If / = fa<f G N[q, and A is an object in a graded category (see below) then we write (BfA for the 
direct sum ® aG zA fa (a). For example, ®[ n ]A = ®1=lM n - 1 - 2fc). 

3.1. Categories. By a graded category C we mean a category equipped with an auto-equivalence (1). 
We denote by (I) the auto-equivalence obtained by applying (1) I times. 

3.1.1. Graded 2-categories. A graded additive C-linear 2-category /C is a category enriched over graded 
additive C-linear categories. This means that the Horn categories Homtc(A, B) between objects A and 
B are graded additive C-linear categories and the composition map Hom/c(A B) x Hom^c (B,C) — > 
Homic(A, C) is a graded additive C-linear functor. 

3.1.2. Idempotent completeness. An additive category C is idempotent complete if whenever e G End(A) 
and e 2 = e then A = A\ © A2 where e acts by the identity on A\ and by zero on A2 . Notice that the 
derived category of coherent sheaves on any variety is idempotent complete (since the derived category 
of any abelian category is idempotent complete by Corollary 2.10 of [BSj b 

We say that our additive 2-category /C is idempotent complete when the Horn categories Hom/c (A, B) 
are idempotent complete for any pair of objects A, B of /C, so that all idempotent 2-morphisms split. 

Example 1. Let Y be any proper variety. Then the 2-category where there is a unique object, 
1-morphisms are coherent sheaves on Y x Y (with composition given by convolution) and 2-morphisms 
are maps of sheaves on Y x Y , is an idempotent complete 2-category. 

3.1.3. Triangulated categories. A graded triangulated category is a graded category equipped with a 
triangulated structure where the autoequivalence (1) takes exact triangles to exact triangles. The 
homological shift is denoted [1]. 

A graded triangulated C-linear 2-category K! is a category enriched over graded triangulated C- 
linear categories. This means that for any two objects A,B G Kf the Horn category HoniAc (A, B) is a 
graded additive C-linear triangulated category. Here are two examples to keep in mind. 
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Example 2. The homotopy category K! :— Kom(/C) of a graded additive fc-linear 2-category /C. 
The objects of K! are the same as the objects of /C. The 1-morphisms of K! are unbounded complexes 
of 1-morphisms in /C, and 2-morphisms are maps of complexes. Two complexes of 1-morphisms are 
then deemed isomorphic if they are homotopy equivalent. This makes Hom^/(j4, B) into a graded 
triangulated category. 

Example 3. The 2-category of Fourier-Mukai (FM) transforms on a collection of varieties (see 
also section l8Tj) . The objects are a collection of varieties {Yl}. The 1-morphisms are objects in the 
derived category of coherent sheaves D(Yi xYj) (these 1-morphisms are known as FM kernels). The 
2-morphisms are morphisms between these FM kernels. If all varieties also carry a C x action then 
the derived categories of C x -equivariant coherent sheaves carry an extra grading and yield a graded 
triangulated C-linear 2-category. 

3.2. Grothendieck groups. If C is an idempotent complete, additive category then we can consider 
the free group generated by isomorphism classes of objects in C modulo the relation that [B] = [A] + [C] 
if B = A ® C. If C is abelian or triangulated we also quotient by this relation if 

A -> B -> C 

is an exact sequence (or distinguished triangle). By K(C) we denote the tensor product of this quotient 
with the base field C, and refer to it as the (split) Grothendieck group of C. 

If C is also graded then the autoequivalence (—1) corresponds to multiplication by an indeterminate 
q. More precisely, the object A(— 1) G C has class q[A] G K(C). In this case K(C) is a C[q, q _1 ]-modulc 
rather than just a C-module. 

One can likewise decategorify a 2-category to obtain a 1-category. In the case when /C is a 2- 
representation of g we get the following. The objects are now K(V(X)) which are C[q, q _1 ]-modules. 

(r) (r) 

The 1-morphisms 1\ and IaF) now induce 1-morphisms 

E\ r h x : K(V(X)) K(V(X + ran)) and l x F$ r) : K(V(X + ra,)) -> K(V(X)) 

of C[q, g _1 ]-modules. And we forget about the 2-morphisms altogether. The defining relations in a 
2-representation of g then imply that these 1-morphisms give ®\K(T>(X)) the structure of an integrable 
[/ g (g)-module. 

3.3. The homotopy categories Kom~ (27(A)) and Kom~(/C). Consider the natural map T>{X) — > 
Kom _ (2?(A)) given by including in cohomological degree zero. We would like this map to induce an 
isomorphism on Grothendieck group. Unfortunately, this map is not even injective. To partially fix 
this problem we will consider a subcategory Kom~(£>(A)) G Kom~(£>(A)) so that there exist maps 

K(V(X)) A K(Kom:(V(X)) A K(V(X)) 
whose composition is the identity. Here K(T>(X)) is the completion of K(D(X)) as defined below. 

3.3.1. The q-adic norm. Given / G C[q, q^ 1 } where / = yV ajqi we define 

f\q '■= Q~ min {J : °j^°}. 

Now fix a basis vi,...,v m of K (15(A)). This is possible since K(T>(X)) is finite dimensional. Given 
an object A G D(X) one can uniquely write its class [A] G KiV{X)) as [A] — Y^ILi h v i where each 
fi G Cfaq- 1 ]. We define 

l[^]l 9 :=El/^- 

i 

Note that this norm depends on the choice of basis . . . ,v m . 
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Now we define Kom^ (T>(\)) C Kom (T>(X)) as the subcategory made up of complexes which are 
homotopic to a complex • • • — > A~ 2 A^ 1 — > A where 

(8) lim \[A- U ]\ q = 

where we think of q as a number q > 1. In other words, the coefficients of [A~ u ] £ K(V(X)) contain 
higher and higher powers of q as u — > oo. 

It is not hard to see that this condition does not depend on the choice of basis v\ , . . . , v m used to 
define | • \ q . It is also clear that this subcategory is closed under taking cones. 

Example 4. Let A £ T>{\). Then the complex 



A* := 



^A(-2) 4a(-1)^A 



belongs to Kom^(P(A)). Its class in -ftT(Kom, (2?(A))) is equal to fej>o(- 1 ) J V') [ A \- 0n the other 

hand, the complex . . . — > A —> A —¥ A does not belong to Kom~(£>(A)). 

Now let us denote by K(V(X)) the completion of K{V(X)) in the g-adic norm. This means that we 
are allowing elements of the form / • [A] where / £ C[[g]] [g -1 ] (instead of just / £ C[q, g -1 ]). Now one 
can define the map p : K (Kom~ (27(A))) — > K(T>{\)) by taking 

oo 

(9) 

u=0 

This sum converges precisely because of condition (JSJ). To see that this map is well defined suppose 

A' A B' is a homotopy equivalence. We need to show that they are mapped to the same thing. Now 
Cone(/), which is homotopic to zero, is mapped to p(L4']) — p([B']). So it suffice to show that any 
nul-homotopic complex C* is mapped to zero. 

Now if C = [...C~ 2 -> C _1 -4 C°] is nul-homotopic there is a map h : C° -> C _1 so that 

/ o h = id c o. Thus C- 1 = C° © C- 1 for some C~ l and C is homotopic to [ > C~ 2 -> C^ 1 -s- 0]. 

Now we repeat. Since |[C _ "]| g — > this means that [C] has arbitrarily small norm and hence must 
be zero. 

Note that the composition p o i is equal to the identity map on K{T>{\)). 



3.3.2. The subcategory Kom t (/C). Suppose g = st m . Consider the canonical basis B of U q (g) defined 
in |Luj . Since ®\K(T> (A)) finite dimensional all but finitely many elements of B act by zero (see |Luj 
Remark 25.2.4 and Section 23.1.2). So now we can choose a basis and consider the g-adic topology as 
above. 

By definition, a complex belongs to Kom~(/C) if it homotopic to a complex A~ 2 — > A -1 — > A 

where lim^^cx, |[A~ u ]|,j =0. If g = sloo then a complex belongs to Kom~(/C) if it is homotopic to 
a complex which belongs to Kom~(/C') where /C' is the category associated to some sl m C sIoq. By 
construction, a complex in Kom~(/C) acts on (B\Kom~ (V(\)) by preserving ©AKom~(2?(A)). 

All of this allows us to define a map p : K(Kom~(K,)) — > K(JC) just like in ©. Here K(IC) is the 
g-adic completion of K(1C). 

3.3.3. The homotopy category Kom^(/C). Instead of considering bounded above complexes one can con- 
sider bounded below complexes. This leads to the analogous definitions of Kom+(£>(A)) and Kom^(/C). 
With the exception of some discussion in section [TT] we will work with Kom~(/C). However, we could 
have worked with Kom^(/C) since all our arguments apply with little or no change. 
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3.4. Convergence of complexes. We now explain what it means for a sequence of complexes to 
converge. We try to use the same terminology as in [Roz] . 

Fix an additive category C and consider a complex K* in the homotopy category Kom(C) of C. We 
say that K* is supported in homological degrees < k if it is homotopic to a complex K* where K l = 
if i > k. The infimum over all such k is called the homological order of K* and is denoted |K*|ft. 

A direct system 

K; := K* ^ K* ^ K* A . . . 

of complexes in Kom~(C) is Cauchy if lirm._j.oo | Cone(/i)|^ = — oo. Moreover, we say that lim_j. K* = K* 
if there exist maps fi : K* — > K" such that fi is homotopic to fi + \ o j i and lim^oo | Cone(/i)|/ l = — oo. 

Theorem 3.1. [Roz, Thm. 2.5, 2.6] A direct system K* has a limit if and only if it is Cauchy. 
Moreover, this limit is unique up to homotopy equivalence. 

3.5. Cancellation laws. Suppose that (each graded piece of) the space of horns between two objects 
in a graded category C is finite dimensional. Then every object in C has a unique, up to isomorphism, 
direct sum decomposition into indecomposables (see section 2.2 of [Rinj ) . 

In this paper we also assume that every graded category C (such as V(A)) satisfies the following 
condition: 

for any nonzero object A 6 C we have A = A(k) =£> k = 0. 
then for any A, B, C £ C we have the following cancellation laws: 

A®B = A®C^B = C A® C V B ® C V => A = B 

where V is a graded C vector space. The first law above follows by uniqueness of direct sum decom- 
position. For a proof of the second fact see section 4.1 of CaK3]. 

3.5.1. Gaussian elimination. The following result is a slight generalization of a lemma which Bar-Natan 
[BN2 calls "Gaussian elimination" . We will use it on several occasions later in the paper. 

Lemma 3.2. Let X, Y, Z, W, U, V be six objects in an additive category and consider a complex 

(10) >U ^ X®Y U Z ®W ^ ... 

where f = and u, v are arbitrary morphisms. If D : Y — > W is an isomorphism, then U0\) is 

homotopic to a complex 

(11) ...^u^ x A - BD " C ) Z^V ^ ... 

Proof. See Lemma 6.2 of [CLi2] . □ 

3.5.2. The A-rank of a map. Let C be a graded category and consider an object A 6 C with End(A) = C. 
Now, suppose X, Y are two objects of C and let / : X — > Y be a morphism. Then / gives rise to a 
bilinear pairing Hom(A, X) x Hom(Y, A) — > Hom(A, A) = C. We define the A-rank of f to be the rank 
of this bilinear pairing and the total A-rank of f to be the sum over all A(i)-ranks where i _ 1. See 
section 4.1 of [CaK3] for another discussion of rank. 

4. RlCKARD COMPLEXES AND RELATIONS 

In this section g = so we abbreviate Ei and Fi as E and F. We will abuse notation slightly and 
write A 6 Z instead of (A, a\). Our aim is to define and study how the complexes (j4]) and ([5]) commute 
with functors E {p) and F^. 
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4.1. Rickard complexes. First recall the following result which describes how Es and Fs commute. 
Lemma 4.1. We have 

E (-)F( b )l A =0 F^E^h x ifX + a-b>0 

^° [ A+a-fc 

j 

F W E (a) lA ^0 E («-j) F (b-j) lx lf x + a-b<0. 



j>0 



-A-a+h 
j 



Proof. The proof uses repeatedly the SI2 commutator relation for E and F together with the cancellation 
laws. See Lemma 4.2 of [CKL3] . □ 

Suppose from hereon that A + r > 0. We define the complex l A T A+r l_ A _2 r G Kom(/C) by 

(12) ► l A E( A+r+s )F( s )(-s(r + 1)) A 1 a E( a+, ' +s - 1 )f( s - 1 )(-(s - l)(r + 1)> -> > l x E {x+r) 

(13) > l A F( s )E( A+r+s )(s(r - 1)) A l A F( s " 1 )E( A+, '+ s - 1 )((s - l)(r - 1)) -> ► l A E( A+r ) 

depending on whether r > or r < 0. The differential gP in (I12|) is given as the composition 

lAE (A+r+ S )p( S ) ^ lx £(^+r+s-l) E1 _ x _ 2r _ 2sFF (s-l)^_ X _ r _ 2s + 2) 

S l A E (A+r+s - 1) EE i? (A + 2r + 2s - l)F (i '- 1) (-A - r - 2s + 2) 

where the first map is inclusion into the lowest degree summand and the last map is adjunction. The 
differential in f| 13[) is similar. 

Likewise, we define the complex l_ A r A+r l A+2r G Kom(/C) by 

(14) 

► l_ A F (A+r+s) E (s) (-s(r + 1)) A l_ A F (A+r+s - 1) E (s - 1) (-(s - l)(r + 1)) • ■ 

(15) ► l_ A E^F( A+r+ ^(s(r - 1)) A l_ A E< s - 1 )F( A+r+;s - 1 )((s - l)(r - 1)) • ■ 



i_ a f( a+j -) 

l_ A F( A+r ) 



depending on whether r > or r < 0. Notice that when r = then (|12[) and (|13p are both equal to the 
complex (|4| while (fl4| and (fT5|) are both equal to (JSj- I n jCR] the complexes (j4j and (O are called 
Rickard complexes so we will also refer to (fT2|) - (fT5|) as Rickard complexes. Note, however, that if 
r 7^ then the complexes (|T2|) -(fT5 |) are not invertible in the homotopy category. 



Remark 4.2. By Lemma [4.31 the space of maps between two consecutive terms in the complex (|T2j) 
is one-dimensional. This means that any complex which is indecomposable and which has the same 
terms as the complex in (TT21 must actually be homotopic to (TT21 . Subsequently, we do not need to 
worry about what precise differential to choose (just pick any nonzero multiple of the unique map). 
The same is also true of complexes (fl~3|) . p4|) and (TTSl) . 



Lemma 4.3. If ■ ■ ■ — > A — > A' — > . . . are two terms appearing in any of the four complexes llii|) - J75)j 
then Hom(A, A(£)) and Hom(A, A'(£)) are zero if £ < and one- dimensional if £ = 0. 



Proof. The proof is basically the same for all four complexes. We illustrate with (|T4j) where 
A = l_ A F (A+r+s) E (s) (-s(r + 1)) and A' = l_ A F (A+r+s - 1) E (s - 1} (-(s - l)(r + 1)). 
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We have: 

Hom(A, A') = Hom(l_ A F( A+r+s )EW,l_ A F( A+r+s - 1 )E( s - 1 )(r + l)) 
S Hom((l_ A F^) L F^ +1 >E( s \ E^l^r + 1)) 
= Hom(E^F^+ 1 )l A+2r+2s E^( A1 (r + a - 1)), E^{r + 1)) 





e 




Hom(l A+2r+2s _ 2 F^--> +1 )E^-->)E( s \ E^ s_1 ^(r + 1 


3=0 


A+2r+2s 


-1 












M 


e _ 


Hom(E^-^E^ 


5 ^(/i-j+l)g 






.7=0 


3 














M 


e _ 


Hom( 


_ e _ 


c(/ i -J+ s ) 


. ® - 


E(f-3'+")(t)) 




H+r+s 
















3 






s 




s-1 





where, for convenience, we abbreviated /i:=A + r + ,s— 1 and 

i = r + 1 - /i(r + s - 1) - (fi, - j + l)(2/x + r + s - 1 - j). 
Thus the last line is a direct sum of terms of the form Hom(E^~ : ' +s \ E^~^ +s ^ {k}) for some k. Since 
N is supported in degrees ~m(N — to), ... , m(7V — to) we find that 

m 

fc < j(n + r + s - j) + s(fi - j) + (s - l)(p — j + 1) + t = -2(ji - ] f - 2(/i - j)(r + 1). 

Since \i > j and E^ - - 7 '" 1 " 8 ) has no negative degree endomorphisms we see that Hom(A, A'(£)) = if 
I < 0. Moreover, if I = then there is precisely one term which is nonzero (when j = /i) and we get 
Hom(A, A') =i End(E^) = C. A similar argument also works with Hom(A, A(£)). □ 

4.2. The main Proposition. The following is the main result in this section. 

Proposition 4.4. For p > we have 

• t a 1_ a E(p) = T A+p l_ A _ 2p (-p(A+p+l))[p] if\>0 

. t a 1_ a F(p) £* r A _ p l_ A+2p if X- p >0 

. E(f)r A l_ A = T A+p l_ A (-p(A + p + l))W z/A>0 

. F(p)t a 1_ a S t a _ p 1_ a A - p > 0. 

Similarly, we have 

. T a 1 A EW £* T A _ p l A _ 2p if\- P >0 

. r A l A FW S7i +p l A . 2p (-p(A+p+l))[p] tf\>0 

. E(f)r A l A S r A _ p l A if\- P >0 

. FWr A l A ^r A+p l A (-p(A+ P +l))[p] */A>0. 

Proof. Let us prove that 

(16) r A l A FW ^r A+p l A _ 2p (-f>(A+p+l)M 
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We do this by induction on p. We assume the result for p < r and consider l-\T' x+r F. The general 
term here is 



I p(A+r+s) E (s)p 



m p(A+r+ S +l)p(s) p(A+r+s)p_(s-l) 
[A+r+.s+l] [A+2r+s+l] 



-s(r + l)) 



which gives us a complex 

) [A+r+s+1] F(^+ s + 1 )EW 



^[A+ 



p(A+r+ S ) E (s-l) 



-s(r+l)) 



D[A+r+s] 
^[A+2r+;5] 



p(A+r+;s-l) E (s-l) 
p(A+r+s-l)p_(s-2) 



<_( fl _l)(r + l))->.. 



By Lemma 14.131 the map a induces a surjective map 

e[A + 3r+.+i]F (A+r+ * ) E(- 1 \-a(r + 1)) -> ©[A+r+sjF^+^E^Hs - l)(r + 1)). 
Using the cancellation Lemma 13.21 on all such terms in every degree we end up with a complex 

(m r _^ e [r+1] f(^«-«e('-« e [r+1] F (^+- 2 )e(- 2 ) 

1 ' [" <-(s-l)(r + 2)> (_( s - 2 )(r + 2)> 

We would like to show that this is isomorphic to 

p(A+r+s-l) E (s-l) p(A+r+s-2)p_(s-2) 



<-(A + 2r + 2)>[l]. 



(18) 



e 

[r+l] 



(-( s -l)(r + 2)}^{-( S -2)(r + 2)) 



-(A + 2r + 2)>[l] 



for some sequence of differentials. To do this we use the following trick. Suppose one has a complex of 
the form 



B* := • • 



HA" 



where Hom(A ™,A n+1 (£)) = if I < and Hom(A A is one-dimensional. Then there are 

two natural maps 

l : C*(r + 1) ->• B* and tt : B* -> C'(-(r + 1)) 

where C* and C* are both complexes of the form •••—>• A - " — > A~" +1 These maps are just 

including into and projecting from BV Now suppose further that there exists a map : B" — >• B'{2) 
which, in every homological degree — n, induces an isomorphism between r summands A _ra . Then the 
composition 

CJ A B*(-(r + 1)) B*(r H)Aq 

is a homotopy equivalence. This in turn implies that B* = ©r r+1 iC*. 

Now let us apply this to the case where B* is the complex in ((TT)) . The Horn conditions on the 



A n s follow from Lemma F4.3I The map O is given by 161 : r( , 1 



r A+r 1 A+2 



r F(2). It has the 



isomorphism property described above because 

II9I : F( A+r+s >E^l A+ 2 r F -> F( A+r+s )E( s )l A+2l .F(2) 

induces an isomorphism between all but one summand of the form F( A+r+s )E( s-1 ) on either side (by 
Corollary mni). 

Thus, we conclude that l_ A r^ +r F is isomorphic to a complex as in (|18l) for some choice of differentials. 
On the other hand, by induction we know that l_ A r^ F ( r ) = l-\T x+r (—r(\ + r + l))[r], which means 

l-AT A+r F £* l_xr A FWF(r(A + r + l))[-r] = ® lr+1] l-xr' x F (r+ ^ (r(X + r + l))[-r]. 

Hence l^ A r^F^ r+1 ) must be isomorphic to one of the summands in (|18l) . namely, to a complex 

p(A+r+s-l) p(s-l) p(A+r+s-2) p_(s-2) 

' ^ (-(s l)(r + 2)) — ' (-(a 2)(r + 2)) " 



<-(r + l)(A + r + 2))[r + l] 
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Notice that the terms in this complex are the same as those in l-\r' x+r+1 (— (r + 1)(A + r + 2))[r + 1]. 
Since 1-\t' x is invertible l_xT A F^ r+1 ' must be indecomposable. Hence, by Remark 14.21 

l-xr' x F^ - l_ A r A+r+1 (-(r + 1)(A + r + 2))[r + 1] 

and our induction is complete. □ 

Since Iata = IaT the following is an immediate Corollary of Proposition 14.41 

Corollary 4.5. For p > we have 

• T1 a F(p) = l_ A E(p)T(-p(A + p + l))fr] i/A>0 

. Tl A E(f) = l_ A F( p )T(-p(-A+p+l))[p] z/A<0 
. T1 A E( A ) S l_ A F^T z/A > 

• T1 A F(- A ) = 1_ A E ( ~ A) T i/A < 0. 

4.3. The nilHecke algebra: a discussion. To prove Lemma T4. 131 b elow we need to use (in a minor 
way) the action of the nilHecke on a categorical 2-representation of SI2. We now discuss this and related 
results. 

In [CKL2I we prove that a geometric categorical 5(2 action induces an action of the nilHecke algebra 
on E n (and likewise on F"). This nilHecke action consists of two types of maps (natural transformations) 

X : El\ — > E(2)1 A and T : EE1 A -)• EE(-2)1 A 

satisfying the following relations 

(i) T 2 = where T G End(EEl A ), 

(ii) (IT)(TI)(IT) = (TI)(IT)(TI) where TI. IT e End(EEEl A ), 

(iii) (XI)T - T{IX) =1= -{IX)T + T{XI) where XI, IX, T G End(EEl A ). 

Our definition from section 12.21 is an alternative (less geometric) definition of a geometric categorical 
action. The main difference is that, in a geometric categorical action, the 2-morphism is encoded 
by certain deformations of the varieties involved (see section 18.21 for a more detailed explanation) . 

If you examine the construction of X : E1a — > El a (2) from [CKL2] you find that X is a linear 
combination 

(19) a{II9) + b(6II) : 1a +2 E1a -> 1a+ 2 E1a(2) 

for some a, b G C x . All the arguments in [CKL2] work without any change to prove the following. 

Theorem 4.6. Suppose K, is a categorical 2-representation of s^- Then there exist 2-morphisms X,T 
which induce an action of the nilHecke algebra on E" and F". The 2-morphism X : El a — > El a is 
defined as a linear combination a(II9) + b{9II) for some a,b G C x . 

Remark 4.7. To be precise, X is equal to the linear combination (fH)|) only up to certain endomor- 
phisms of 1a which we call "transient" maps in CKL2 . However, these maps have the property that 
whenever they are sandwiched in the middle of EE, FF, EF or FE they can be moved either to the left 
or to the right side (which side depends on the weight space). For this reason we can safely ignore 
them in our discussion. 

4.4. Some useful maps. Recall that 

(20) FF« £ © [r+ i]F( r+1 ) S F«F 
so (abusing notation a little) we can define maps 

l : F('' +1 ) -> FF^(-r) and 1 : F^ r+1 ^ -> F«F(-r) 

by including into the lowest summand. Including into the lowest (as opposed to say highest) summand 
is natural because there is a unique (up to a nonzero multiple) such map i. e. the map does not depend 
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on the choice of isomorphisms in (|20|) . This is a consequence of Hom(F^ r+1 \ F^ r+1 ^(£}) being zero if 
£ < and one-dimensional of £ = 0. 
Likewise, there are maps 

vr : FF< r > -> F( r+1 )(-r) and tt : F^F -> F( r+1 )(-r) 

given by projecting out of the top degree summand in FF^ r ^. Again, for the same reason, these maps 
are unique. 

Next we have the adjunction maps 

e : FE1 M -> l^/i + 1) and T) : 1» -> EFl^-jU + 1). 

Notice that the composition 

F1 M FEFl p (-/i+l> ^4 F1 M 
is the identity (this follows from the basic properties of adjunction maps). 
More generally we can define the map e' as the composition 

e' : F1„E« A Fl^EE^-fa - 1)) 4 E^/i - s). 

This map is adjoint to 

1„EW -> (l /1 _ 2 F) il E^- 1 ){/x - a) = 1 M EE("- 1 )(- S + 1) 
which must be the map i. Thus e' is also unique. Likewise, we define rf as the composition 

r,' : E^l^ % E(- 1 )l M EF(- / , - 1) ^ E^F(- M - S ) 
which is also unique. We denote by x the composition 

X : FEC'- 1 )!^ ^> Fl M+2sE WF(-/, - ,s) A E^Fl*,. 

Note that % is adjoint to the composition 

E^EAeMH + I) A EE< s - 1 )(-2s + 2) 

which is nonzero. Thus ^ / 0. On the other hand, assuming fi + 2 > 0, we have 

Et-^FVw = FEC- 1 )^ © [m+s] E(- 2 )l p+a 

and one can check using this isomorphism that Hom(FE^~ 1 )l /J+ 2, E^" 1 ^Fl Al+ 2) is one-dimensional. 
This means that \ is j us t the inclusion of FE^ S_1 ) into E' S_1 ^F. 

Lemma 4.8. The map x '■ FEl^ — > EFl^ is equal to the composition 

FE1 M ^ EFFE(-^ + 1)1 M ^4 EFFE(-/i - ^> EF1 P 

tip to a nonzero multiple. 

Proof. By adjunction we have 

Hom(FEl M , EF1 M ) = Hom(E i Fl M+2 , FE L l„+ 2 ) = Hom(FFl p+2 , FFl Al+2 (-2)) = C. 

So it suffices to show that the composition above is nonzero. On the other hand, the composition above 
is adjoint to the nonzero map T : FF — > FF(— 2) and hence is nonzero. □ 

X Z A 

Corollary 4.9. The composition FEl^ — > EFl^ > EF(2)1 /J is equal to a nonzero linear combination 

of the compositions FEl p 4 + 1) -4 EF(2)1„ and FE1 M -^4 FE(2)1„ 4 EF(2)1 M . 

Proof. This follows by using the description of x from Lemma 14.81 and then applying the nilHecke 
relation (iii). □ 
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Lemma 4.10. The total F^+^-rank of the maps F^F1 X ^ F<»F1 A and FF^1 X ^ FF^1 X is fi 

(and similarly if we replace the Fs by Es). 

Proof. When r = 1 this is essentially condition (fix|) . More generally this follows from Proposition 4.2 
of [CKL2] . □ 

Lemma 4.11. If fi+ s - 1 > then the total E^^-rank of E^Fl^ E^F1 M is fi + s - 2. 

Proof. We prove this by induction on s. If fi < then the base case is s = — fi + 1, otherwise it is 
s = 1. For convenience, let us assume fi > so that the base case is s = 1. We need to show that the 
total 1-rank of IX : EF1 M — > EF1 M is /x — 1. To do this we use a trick. Consider instead the map 

(21) EFF1 M ^ EFF(2)V 

Now EFF1 M = © [2] EF( 2 )l M and by Lemma |4~TU1 the map I IX induces an isomorphism between sum- 
mands EF^^l}^ on either side. Since EF( 2 )l M = F( 2 )E1 M ©r^-ii F1 M this means that the total F-rank 
of d2TJ) is (at least) fx-l. 

On the other hand, EFF1 M = FEF1 M ®[ M -2] F1 M . The map in (|2T|) restricts to X on the summands 
F and to IIX on FEF1 M . Thus the total F-rank of (|2Tj) , which is at least // — 1, is the same as the total 
1-rank of IX : EF1 M — > EFl^, (this proves the base case). 

For the induction step consider 

(22) IIX : E (s) EFl M -» E (s) EF(2)l M . 

It suffices to show that the total E( s )-rank of this map is at least (s + l)(/z + s — 2) + 1 because then 
the total E( s )-rank of IX : E^+^Fl^ E( S+1 )F(2)1 M must be at least (fj, + s - 1) which proves the 
induction step. 

Now let us compute the total E (s) -rank of (HU in a different way. Note that E (s) EFl M = E (s) FEl M ®[ M ] 
E^l^. First IX : EF1 M — > EF(2)1 M has total 1-rank (/i — 1) and hence induces a map S^iE^l^ — » 
© M E( S )(2)1 M with total E( s )-rank (/j - 1). 

Secondly, the map induced by (12"2")) on the summand E^FEl^ is the composition of 

E^FElju % E«EF1„ ^ E^EF(2)1 AI 

with the projection back to the E^^FEl^. By Corollary 14.91 this composition is a linear combination 
of the two compositions 

E^FEl^ ^4 eMfE<2}1 p % EWEF<2)1„ 

E«FE1„ A E( S )( M + 1)1 M ^> E< S >EF<2)V 

The second map has total E^-rank zero and, by the induction hypothesis, the first map has total 
E^-rank s(/i + s). 

Finally, the induced map Ew FE1 M — > ©[^] E^ has total E( s )-rank zero simply because it is of the form 
EW(FE1 A( ->■ 1 M ). Thus we conclude that (PZ2"|) has total E^-rank (u-l) + s(p+s) > (s+l)(/x+s-2) + l 
and we are done. □ 

Corollary 4.12. Iffi + s-1 > i/iera i/ie totaZ E^-^-rawfc of E^l^F ^4 EWi m _ 2 F is/i + s-2. 

Proof. As discussed in section FOl the map X : Fl^ — > Fl^ is a linear combination of 19 and 0/. Now 

i76> : E (s) Fl p -> E (s) F(2)l Al 

has total E^-^-rank zero. So 70/ and IX : E^Fl^ -» E( S )F(2)1 A4 have the same total E^-^-rank. 
The result now follows by Lemma [4.111 □ 
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4.5. The main Lemma. 

Lemma 4.13. If X, r, s > then the map 

1 _ A p(A+r+ S ) E ( S )p £1^ 1 _^p(A+r+.s-l) E ( ;S -l) F ^ + ^ 

is surjective on summands of the form l_ A F( A+r+s ) E*^ -1 ) . 

Proof. We could try to prove this result by making heavy use of the nilHecke algebra and the machinery 
developed in |KLMSj . However, to keep things self contained we use a lowbrow approach. 

Let A := i^F^+r+^E^-i). Note that by Lemma [O] we have End(A) = C. By Lemma ETfl the 
summands A inside l_ A F^ A+r+s ^E^^F are all picked up by the composition 



(23) 



A(A + 2r + s-2fc> ^> F (A+r+s) E (s) l A+2r F(-2fc> F (A+r+s) E (s) l A+2r F 



where k = 0, . . . , X + 2r + s. In order to prove surjectivity of d s I it suffices to show that the composition 
of the map in ([2"B")) with d s has A-rank one for k — 0, . . . , X + r + s. Now consider the following diagram 
where k G {0, . . . , A + r + s}: 



(24) 



p(A+r+s) E (s)p. 

IIX k 
p(A+r+ S )p_( S )p . 

It,' 



iLLj. p(A+r+s-l)p E ( S )p . 



IIIX k 



p(A+r+s-l) E (s-l)p 



IIX k 



iLL> p(A+r+s-l)p E ( S )p Ie'I > p(A+r+s-l) E ( S -l)p 



IIt]' 



p(A+r+ s ) E ( s -l) iij, p(A+r+s-l)p E (s-l) 



p(A+r+s-l)p E (s-l) 



where, for simplicity, we have ommited the (•) shifts. Starting at the bottom left corner and going 
along the left side and then the top gives the map in (|23|) composed with d s . Now the left hand squares 
and the top right square clearly commute. The bottom right square commutes because of the definition 
of x ^section |4.4|) . Thus it suffices to show that the composition along the bottom and then up has 
A-rank one for k — 0, . . . , A + r + s. 

This would follow if we can show that the composition 

1 _ A p(A+r+s-l)p E (s-l) 1 _ A p(A+r+s-l) E ( s -l)p HX^ ^^(A+r+s-l) p(s-l) p/gX 

has A-rank (A + r + s — 1). Equivalently, it suffices to show that 



(25) 



p(A+r+s-l) pps-l I x' ) 



P(A- 



-r+s-llcs-lc IIX , 



1 _ A p(A+r+ S -l) ES -lp^ 



has A-rank (A + r + s — l)(s — 1)! where x' here is the composition 



xi" 



EFE 



FE S 



Now, using Corollary 14.91 the composition 



s-2 



zs-2 



FE 



h E 



s-l, 



1 _ A p(A+r+ s -i) p -2p E ITU^ i_ A F( A+r +^ 1 )E^ 2 EF l_ A F( A +''+ s - 1 )E s - 2 EF(2) 
is a linear combination of the composition 

(26) l_ A F( A +'"+ s - 1 )E s - 2 FE l_ A F( A+I '+ s - 1 )E s - 2 (A + 2r + 3) x^+r+s-x) E S - 2 EF(2> 

and the composition 

(27) 



ir+, l) E s 2p E > l_ A h v " L" ~{A + 2r + '6) > 

Ll 

l_ A p(A+r+ s -i) E ,-2 FE I.aF^+^-^E'^EF ii "~ 2xi ) l_ A F( A+r+s - 1 )E s - 2 EF(2). 
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The composition in (|26|) factors through l^\F^ +r+s ^ 1 ^E s ^ 2 which contains no summands A. This 
means that the A-rank of the composition in ([26| is zero and hence the A-rank of (|25|) and (f27|) are 
the same. Repeating this argument we find that the A-rank of (|2"5")l is the same as the A-rank of the 
composition 

l_ A F (A+r+a_1) FE a-1 JX/s l > l_ A F (A+r+a-1) FE a-1 (2) F (A+r+ * _x) E a_1 F(2). 
Since x' 1S an inclusion, the A-rank of this composition is the same as that of 

(28) 1 _ AF (A+r+ s -i)pp-i ixi-^ i_ A F( A + r + s - 1 )FE ;i - 1 (2}. 

By Lemma|4T0]the map l_ A F (A+r+ ^ 1) F ^> l_ A F (A+r+ ^ 1) F(2) has F< A + r + s )-rank (X + r + s). This 
means that the A-rank of (|28p is (X + r + s — l)(s — 1)! and we are done. □ 

5. The functor P~ = T^ 3 
In this section we prove that lim^oo T 2 / is well defined and that it belongs to Kom~(/C) (Theorem 

5.1. Braid group actions. In |CaK3l we showed that a geometric categorical st„ action induces an 
action of the braid group on its weight spaces via the complexes T.jl A . The definition of a geometric 
action was tailored to work with categories of coherent sheaves. However, the same proof works to 
show the following. 

Proposition 5.1. Suppose /C is a categorical 2- representation of sl n , then the complexes T^1 A satisfy 
the braid relations T i T J Tjl A = TjTjTjl A if \i — j\ = 1 and TiTjl\ = TjTjl A if \i — j\ > 1. 

Proof. In |CaK31 Sec. 6] we defined what it means to have a "strong categorical sl„ action" and 
argued that in this case the complexes T 4 also induce a braid group action. The difference between 
this definition and the one of "categorical 2-representations" from this paper is quite small. 

First, in |CaK3j one has the nilHecke algebra acting on E^ whereas here we only have the map 9i. 
However, as mentioned in section FOl the map 0j together with condition (fix)) from section |2"T21 induces 
an action of the nilHecke algebra (this is proved in |CKL2j h 

Secondly, in |CaK3[ Sec. 6] one has an additional map : EjEjl A — >• EjE;l A whenever \i — j\ = 1 
and this map satisfies the relation 

(29) TjiTjj = XJ + 1X 3 e End(E i E i l A ). 

Let us explain why this extra data is (for our purposes) redundant. 

Let us work in IC. By adjunction one can check that Hom(EjEjl A , EjEjl A {l}) is one-dimensional. 
Hence the map basically comes for free. On the other hand, relation (|29|) is only used in one place 
in the proof of the braid relation. Namely, it is used to show in [CaK3[ Lemma 4.9] that the map 

E 4 E,E 4 (-1)1 A ^> EjEjEjl A 

(2) 

induces an isomorphism between the summands EjE t (— 1)1 A on either side. However, it turns out 
one can check this directly as follows. 

First note that this is equivalent to showing that the composition 

(30) EiEjEii-l)^ ^ EjEjEjl A ^> E.^E^^Ia 

induces an isomorphism between the summands EjE^ (— 1)1 A on cither side. But, using adjunction, 
one can check that 

Hom(E 4 E,E 4 (-l)l A , E J E. i E 4 (-2)l A ) S C. 
So it suffices to show that this map is nonzero. 
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Now suppose the composition ([30]) is zero. Composing it with IXI : EjE,Et(— 2)1a — > EjE;EilA and 
using the nilHeckc relation we get 

(IXI)(IT)(T tJ I) = TijI + (IT^IIXXT^I) = TijI + (IT) (T^ I) (I IX). 

So if ([201) is zero (meaning (iT)(TyJ) = 0) then T l} I = which is absurd. 

This means that for the purposes of constructing a braid group action, condition (|29[) from [CaK3 
is not necessary. Since all the other conditions in |CaK3| Sec. 6] also appear in the definition of a 
categorical 2-representation from this paper, the result follows. □ 

One of the useful results used in |CaK3| is the following Lemma. We will also use it here on several 
occasions. 

Lemma 5.2. Suppose g — sl n and fix p > 0. Then 

. TjTiff 1a = F^TjTilA and T 3 T l Ej° ) l x S E^T^lx if \% - j\ = 1 
. T.F^Ia = F^Tilx and T^Ia = E^T^a if \i - j\ > 1. 

Proof. The first assertion follows from Corollary 5.5 of |CaK3j . There we show that F^TjIa — 
TiFfhx where Fy is the two term complex : F^F^ (— 1) — > FjFj and F^ is the associated divided 
power (here Tij 6 Hom(FjFj(— 1), FjFj) is the unique nonzero map). 
Likewise one can show that TjF^Ia = F^Tjl A . Hence we get 

T J T l FflA-T jF (fT-F^T J T i lA. 
The second assertion is clear because E^ and Fj commute with Fj if \i — j\ > 1. □ 

5.2. The map 1 — ► Tj. By the definition of T^Ia we have natural maps 

Fp'^lA — > T,1a if (A, a,*) > 
E^ <A ' Qs>) 1a — > T i l A if<A,a i )<0. 
Moreover, if (A, a*) > 0, we have 

(31) E^l Si . x F\^h x = f (<a^)^) e (<a^)-,) 1a 



3 

which means that there is a natural map 1a — > E^' a *"F^' a *"l A corresponding to the inclusion of 
the unique summand 1a (which occurs when j = (A, a*) in the summation above). 

The composition gives us a map 1a — > T?1 A . If (A, a^) < then the same argument (with the roles 
of Es and Fs switched) also gives such a map. 

Now using © we have 

(32) Jl = [(T n _ 1 )(T„_ 2 T n _ 1 ) . . . (Ti . . . T n _i)][(T n _i . . . Ti) . . . (T n _ 1 T„_ 2 )(T„_ 1 )]. 

So repeatedly using the maps 1a — > Tf 1a defined above we obtain a map 1a — > T^l A . 

5.3. Convergence of lim^oo T~ . 

Proposition 5.3. Suppose g — sl n and fix p > 0. Then we have 

T w 1aF| p) S E^lj u l x+pai (~p((X, a t )+p+ 1)) [p] if (A, a*) > 
T w 1 a e| p) = F^T w l A _ paj (-p(-(A, ai) + p + 1)> [p] i/ (A, ai) < 0. 
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Proof. We have 

"Fa; F^ ~\-\+p ai 

— (T„-i)(T„_ 2 T„_i) . . . (T 2 . . .T n _i)(Ti . . .T„_i)F> pj l A+ pQ, 

= 0"»-i)(T»_ a T n _i) . . . (T 2 . . . T„_i)Ti . . . TjT T„_il 

— (T n _i)(T n _2T n _i) . . . (T2 . . . T n _i)Ti . . . T(_iF^ 1 TiTi+i . . . T 

n—l J- A+pai 

— (T n _i)(T„_2T n _i) . . . (T 2 . . . T n _i)F i+1 (Tx . . . 
Repeating in this way we get 

t p( p h > 

— (T n -i) • • • (T n _i . . . T„_i)F^f2i (T„_j_i . . . T„_i) . . . (Ti . . . T„_i)l A+pQi 

i)F r f_i(T„_i_i . . . T„_i) . . . (Ti . . . T„_i)l 

— (T„-i)(T„_i + iT„_i) . . . F| l ? '2 2 (T ri _i . . . T„_i)(T„_i_i . . . T n _i) . . . (Ti . . . T„_i)l A+pcti 

— (T T ,_i)F 7 ^_ < (T 7l _^+iT n _^) . . . (T n _i . . . T„_i)(T„^^i . . . T„_i) . . . (Ti . . . T n _i)l A+pcti 

= (~Fn — i) 1/i F n _ j (T n _ ? r) T^l^-^pQ^ . 

Now /i = Sn^iS^j ■ (A + pccj) — pa n ^i and subsequently 

(M) «n-») = (A S u S n -i ■ a n -i) - 2p 

= -{\ + poti,s u ■ a n -i) — 2p 
= {X + pa^ai) — 2p 
= (X,Oi) 

where we use that (•, •) is invariant under the action of the Weyl group and that s u ■ a„_i = — oti for 
any i = 1, . . . ,n — 1. Finally, by Corollary 14. 51 we get that 

Tn-iVF^ = Ei P 2j„-a M+pct „_ s (-p((A,a l ) +p+l))\p) 

which completes the proof of the first claim. 

The proof of the second claim follows similarly. □ 

Corollary 5.4. Suppose q = sl n and fix p > 0. Then we have 

T^IaF^ -F l (p) T5l A+pQi (-2p((A,a t )+p+l))[2p] if (X, ai ) >0 

T^UE^ S E 4 (p) T5l A _ pQi (-2p(-(A, a4 )+p+l))[2p] i/(A,ai) < 0. 

Proof. We prove the first assertion (the second follows similarly). Recall that by Proposition 15.31 we 
have 

T^1 A F| P) - l. u .xE%!_J u (-p((\ > a i )+p + i))\p]. 

Now 

(s u ■ X,a n -i) = (A, So, • a n _i) = -(A, a*) 
so we can apply Proposition 15.31 again to get 

T u l Sw . A E^ = l A F| p) T tJ (-p((A, a,) +p + 
and the result follows. □ 
Let us denote by U^l^ = l Si . M Ui the map 

EH" ,Qi>) l M if (n,^) <0 and F^ ai>) l^ if ( M , oj) > 0. 
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Corollary 5.5. Suppose q =sl rl . Then we have T^U^Ia — U„-iT w lA and subsequently 
(33) Tl U,1a = U^l 1a. 

Proof. Suppose (A, a.;) > so that U^Ia = F,^ A ' Qi ^1a (the case (A, oti) < is the same). Then using 
the same argument as in the proof of Proposition 15.31 we find that 

T U L - T F ((A,Qi)) l !l - T F (<A '" s)) l T _1 T - T U 1 T _1 T 

where to get the last isomorphisms we use that /i = s n -iS u ■ A so that 

(ju, a„_i) = (s n ^iS u ■ A, a n _») = -(A, s u ■ a n ^} = (A, aj). 

By Corollary 14. 5 1 we have T„_ i U n _ i l A1 = Un-iT,^]^ so we get that 

T^U^l-A = T„_ i U„_iT n j l ;-T tlJ lA = Un—iT^iA. 



Applying this result twice gives 

□ 

Now let us denote by R1a := Cone(lA — > T 2 1a). 

Proposition 5.6. If £ > then the complexes T^RIa and RT^Ia are supported in homological degrees 
< -21. 

Proof. We deal with the complex T^ e Rl\ (the proof for the other complex is the same). The idea is 
to use the expression for IaT^ from (|32p to study T;Jf IaT 2 . Consider the left most term 1aT„_! and 
suppose (A,a n _i) < 0. Then 1aT„_i is given by a complex 

► 1 At„_ 1 r- n _ 1 (-S) -)• l A b n _ 1 h„_ 1 {-8 + I) ->• >• lAr„_i 



Then by Corollary 15.41 we have 

(34) T^lxEW.Fi-^--^^ = EW 1 T^l A _ sa „_ 1 Fi-i A '-- 1 > +s )<-2 S £(-(A,« n _ 1 ) + ,s + 1)>[2^] 

which is a complex supported in homological degrees < —2s£. Thus only the term T^l^F^ 
can contribute to the cohomology in degrees > —2£. In this case, by Corollarv l5.51 we have 

(or\ -Til-. p(-(A,a„_i)) p(-(A,a„_i))- r 2^ 1 

(35) \ u \\V n _ x = r„_! I w 1a- 

Now we repeat this argument with the other Ts in the expression for IaT 2 and conclude that the only 
terms in IaT^ which can contribute something in cohomology degrees > — 2£ in T^IaT^ is 

[(U„_ 1 )(U„_ 2 U n _i) . ..(Ui . . . U„_i)][(U„_i ... Ui) . .. (U n _iU„_ 2 )(U n _i)]l A T^. 
Using Corollary 15.51 we can rewrite this as 

(36) [(U n _i)(U n _ a U„_i) . . . (Ui . . . U„_ 2 )]T^U 2 „_ 1 [(U„_ 2 . . . U x ) . . . (U„_ 1 U„_ 2 )(U„_ 1 )]1 A . 

Consider the middle factor li n _ 1 l fi in (|36p where ji = s n -\s u ■ A. Let us suppose (n, oc n -i) > (the 
case (fi,a n -i) < is the same). Then 



II || -i ~ p«/i,a„-i»p«M,a»-i)) 1 



0£T\ -I p«M.«n-l)-JJp«M.«n-l)-3) 1 

tJ7 - L M r ri-l c ri-l V 



j>0 



i 



Now, by the same argument as above (using Corollarv l5.4p . 
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where p — (/x, a n -i) — j- This is supported in cohomological degrees < —2t unless j = (n,a n -i) 
which leaves us with one copy of the identity. Thus the only terms in (|36|) which could contribute to 
cohomological degrees > —21 come from 

[(U„_ 1 )(U n _ 2 U n _ 1 ) . . . (Ui . . . U„_ 2 )]T^l^[(U n _ 2 . . . Ui) . . . (U n _iU n _ 2 )(U„_i)]l A . 

Repeating this argument with U„-2, U„-3 and so on, we are left with just one term, namely Tfj 1 A . 
But this term in T^fRl> = TjJfCone(l A — > T^1 A ) is zero since it is exactly the one that cames from 
the term 1 A inside the complex T^l^. Thus Tj^fRl A is supported in homological degrees < — 21. □ 

Proposition 15.61 implies that lim^oo T^R1 A = 0. This means that P~ := lim^oc Tj™ exists (the 
negative in P~ indicates that the complex is bounded above). Sometimes we will denote P~ by to 
remind us of its definition as an infinite twist. 

Proposition 5.7. If g = sl n then P~1 A G Kom~(/C) is an idempotent, meaning that P~ • P~ = P~. 

Proof. Consider the map 4> : T^lx — s> T^T^l^ induced by 1 A — > T^1 A . The cone of this map is (by 
definition) T^R1 A . Now for any t > we have T~T^1 A = T™1\. Thus T~R1 A = T~T^R1 A which, 
by applying Proposition 15.61 to R1 A , is supported in homological degrees < —21. Since I can be 
chosen arbitrarily it follows that T^RIa is contractible and hence <f> is an isomorphism. □ 

5.4. Convergence of P~ in if-theory. We now show that P - G Kom~(/C). This implies that P~ 
converges in if -theory and gives a well defined element p([P~}) G K(JC). 

To do this we use the canonical basis B of Uq(q) defined in [Luj . We are acting on the finite 
dimensional representation ®\K (X>(A)) of U q (g) which means that all but finitely many basis elements 
in B act by zero (see [Luj Remark 25.2.4 and Section 23. f. 2). We denote the elements that act 
nontrivially by {b\, . . . , b{\ C B. 

To simplify notation we represent P _ by some complex C and denote by (C~ w ) q the minimum power 
of q which occurs among all /, G C[g,q _1 ] if we write [C~ u ] — J2i m the basis above. What we 
need to show is that 

lim (C~ u ) q = oo. 

u— ► oo 

Let L denote the minimum of 

{A 1 ...A m b j A' 1 ...A' m ,l x ) q 

where each A. and A{ is either E^ k ' or F^ k ^ for some k G / and G N. This is well defined since the 
set of such elements is finite (there are only a finite number of nonzero weights). 

Now let us study T^fRl A where, as before, R1 A = Cone(l A — > T^1 A ). We proceed as in the proof 
of Proposition 15.61 Namely we first consider T^l A T„_i which, assuming (A, a n -\) < 0, is made up of 
terms of the form T^l A EW 1 F^ 1 A ' a "- 1>+a) (the case (A, a n -x) > is similar). Moving the term 
over to the other side of T^f we get equation . Thus 

T 2e 1 p( s ) p(-<A,a„-i>+s)r T -l T 2, 
'u i * L n-l r n-l L 1 n-1 1 uj\ 

is homotopic to 

(37) Ei s 2 1 T^l A . SQii _ 1 Ft ( 1 A ' Q "- 1>+s) T^ 1 T2 (-2^(-(A,a„_ 1 ) + a + 1))[2*4 

Now suppose that we know by induction that T^f is homotopic to a complex Q.2t such that inf u (C 2( , ,I ) I j > 
me for some me- Then the complex in (|37[) is isomorphic to a complex C2i. s with 

iof u {C£ B ) q > 2s£(-{\, a„_i) + s + 1) + L + m e > 2sl{s + 1) + L + m e 

for any u. The right side is at least A£ + L + mi unless s — in which case we get 

p(-(A,a n _i» T 2^ T -l T 2 rsj I I T 2l T T^ 1 T" 1 T 2 
r n-l 1 u 1 n-1 1 u — u »i-l 1 u ' n-2 1 n _2 1 n-1 1 u 
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and we repeat the argument above. In this way we eventually end up with 

[(U„_i)(U n _ 2 U n _i) . . . (Ui . . . U„_i)][(U n _i . . . Ui) . . . (U n _iU n _ a )(U n _i)]l A T2f 

which we deal with as in the proof of Proposition 15. Gl 

In conclusion, we hnd that T 2 / Rl\ is nomotopic to a complex C 2 (e+i) such that 

(38) inf u {t-$ +l) ) 9 >U + L + m t . 

In particular, this means that T w is homotopic to a complex C2U+I) such that 

m£ u {Q~^ +r) ) q > min(4£ + L + m e , m e ). 

The right side above is equal to mi if I > —L/4. In other words, for I > —L/4 we have inf u (C^" +1 ^),j > 
m for some fixed m. Subsequently (|38[) implies that 

(39) inf„ (C- ( l ; +1) ) g > U + L + m 
ifi> -L/4. 

Now suppose ]hn u -y 00 {C~ u ) q ^ 0. Then there exists some I and l\ < £2 < ■ ■ . where li — > 00 so 
that (C^, ) 9 < I for some l\ — > 00. We can assume that i\ is the smallest integer with this property, 

meaning that (C^'.-i))^ ^ Then from the exact triangle 

£2(^-1) — > C 2 ^ — > C 2 ^ 

it follows that (C^)^ < I which contradicts (139]) . Thus P~ 6 Kom~(/C). 

This, together with the other results from this section, proves Theorem 12.21 

6. Categorified clasps 
In this section we prove Theorem 12.31 

Denote by <C m the standard representation of U q (sl m ) with basis Vi, . . . ,v m . The vector space 

A q (C m ) = C[q,q~ 1 }(v 1 ,...,v rn )/(vf,v i Vj + qVjVi for i < j) 

is the standard wedge product representation of U q (sl rn ). 

Now consider the t/ q (sl m )-module A|(C m ) := A^^C™ 1 ) <8> ■■■ ® A q n (C m ) where j is a sequence of 
integers < ii, . . . , i n < m. In terms of highest weight representations A q k (C m ) = Va^ ■ As a U q {s[ m )- 

module A^(C m ) has a unique summand isomorphic to the highest weight representation Vi := Vy^ fc A ^ fe ' 
We denote by 

i:Vi-t A^(C m ) and rr : A|(C m ) -> 1£ 
the natural inclusion and projection. Their composition is denoted 

Pl i: = t o7reEnd^ (s[m) (A^C m )). 

Notice 77 oi e End[/ 5 ( S [ m )(Vi) is a multiple of the identity since 14 is irreducible. So (-Pli) 2 is a multiple 
of Pit and we uniquely rescale Pli so that (-Pli) 2 = Plj. Following |Kup| we refer to the idempotent 
Pli as a dasp. 
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6.1. Skew Howe duality. Our aim now is to understand clasps using skew Howe duality, i.e. by 
studying A 9 (C m ® C"). Formally, this algebra is the quadratic dual of the quantum algebra M q (m x n) 
which is the quantum analogue of the algebra ofmxn matrices (see (Man, , in particular section 8.9). 
There exist two isomorphisms 

Ag (c ro )®« A q (C m ® C") — > A 9 (C n )® ro . 

For our purposes, we only identify the composition isomorphism 

(40) A g (C m )®" — + A g (C")® m 

(as C[q, q _1 ]-modules) as follows. Having fixed the basis vi,...,v m for C m the left side of ([40]) has 
basis (g> • • • (8) «i } where each z fe is a sequence 1 < Si < • • • < si < m and = v Sl A • • • A w Si . 
Likewise, the right side of f4T)]) has basis {wj (g) • • • ® Wj } where w\, . . . , w n is a basis of C n . Then 
the map in (|40[) is given by 

t;^ <8 . . . ® Win H> (_l)#{(«. | '. fc i. fc 2):«ei* 1 ,6ei fc2 ,o<6,fc 1 <fc 2 } u; ^ ...g)^ 

where i £ j if and only if i" G i^. 

Lemma 6.1. The actions of U q {sl m ) and U q {sl n ) on A 9 (C m )®" A 9 (C™)® m commute. 

Proof. It is enough to consider the root U q (sh) subalgebras of U q (sl m ) and U q (sl n ). So we can assume 
m = n = 2 and that case can be checked by an explicit calculation. □ 

For JVeN denote by A^(C m )®" the A-graded piece of A 9 (C m )®" where deg(w i ) = 1. The action of 

U q (sln) preserves this piece. The decomposition of A^ (C m )®" into weight spaces is given by ©iA|(C m ) 
where the direct sum is over all < i%, . . . , i n < m with %k = N . 
Under this action we have 

E k : k\{C m ) -> A^ +Qfc (C m ) and F k : A| +Qfc (C m ) -> A^(C m ) 

where = (0, . . . , 0, —1, 1, 0, . . . , 0) with the nonzero entries in the k and k + 1 spot. The dominant 
weights correspond to those z where < i% < ■ ■ ■ < i n < m (in this case we call i dominant). The 
notation 1^ indicates the projection onto this weight space. 

Proposition 6.2. If i is a dominant weight then PliFk = for k = 1, ...,m — 1. Moreover, Pli is 
the unique such (nonzero) projection in End^^^^A^C™)). 

Proof. Since A| +afc (C m ) does not contain V lL as a direct summand it follows that PliFk = for any 
k = 1, . . . , m — 1. 

Now, the [/g(st ro )-module A| +Qfe (C m ) breaks up as a direct sum Vi V for some C/ g (s[ m )-module 
V. On the other hand, it is spanned by vectors Fk(v) and highest weight vectors. By Lemma IB31 the 
highest weight vectors span precisely Vi- This means that if -P'lj is a projector such that P'ljFfc = 
for all k then it must either be zero or it must project onto Vi (in which case P' = P). □ 

Lemma 6.3. The U q (sl m )-submodule Vi C A|(C m ) coincides with the vector space of highest weight 
vectors for the action ofU q (sl n ). 

Proof. In order to prove this it suffices to consider the case q = l. Now, skew Howe duality says that, 
as an (s[ m ,s(„)-bimodule, we have 

A N (C m C") = ®\i\ =N Vjy H Vi 

where the sum is over all partitions (or equivalently Young diagrams) i of size N which fit in an n x to 
box and i denotes the dual Young diagram (obtained by flipping about a diagonal). In particular, this 
means that the highest weight vectors of the isotypic component V^v for the action of sl n is spanned 
by^. " □ 
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6.2. The action of T^. Consider again the action of U q {sl n ) on (C m <g> C n ) described above. The 
decategorification of ^ and (|5|) gives 

(41) T fe l£:=^(-9) s 4 _<i ' afc>+S) ^ S) li or T k U ■= ^(-tf'J^H^M h 

s>0 s>0 

depending on whether (i, aj.) < or (i, > (recall that the shift (1) decategorifies to multiplication 
by <Z -1 )- Here the pairing (•, •) is given by the usual dot product on i = (ix, . . . ,i n ) and a k = 
(0, . . . , —1, 1, . . . , 0). Note that T k li = l Sk .iT k where s k acts on i by permuting the k and (k + l)st 
entries. We define T u , just like T w as 

T u li := (T„_i . . .Ti)(T„_i ...T 2 ) ... (r n _iT n _ 2 )(T n _i)l 4 . 

Remark 6.4. This expression for T k li differs from the one in section 5.2.1 of [Luj which defines it as 

£ (-l) b q ac - b E[ a) F^Ei c h v 

a,6,c>0,a— 6+c— (i,ctk) 

Equation (|4"Tj) is (modulo some extra q factors) a sum over the terms above when c = 0. One can 
actually try to categorify the other terms in the summation but one gets a complex homotopic to 
zero. This is not obvious and will be discussed elsewhere. So in essence, the categorifications of the 
summation above and of (|4T|) are the same. 

Proposition 6.5. Suppose i is dominant and let v be a highest weight vector such that F^ . . . F^ P3 \v) 
has weight i. Then 

(42) . . . Fj»\v) = ff tf^^+»£. > . . . F { k f(v) 
where i is the weight of v. 

Proof. The decategorification of Corollary 15.41 states that 

T 2-t . p (p) ~ 2p({i,a k )+p+l) F (P) T 2-, . 

Applying this repeatedly and keeping track of the powers of q we find that the exponent of q is 

2f»i((i, a kl ) +pi + 1) + 2p 2 {(i+pia kl , a k . 2 )+p 2 + 1) H h 2p J ((i+p 1 a kl H ^p 3 -ia kj _ 1 , a kj )+Pj + l) 

which simplifies to 

2 <i, QfcJ +2 Y (Paa ka ,Pba kb ) + 2^(pf +pi). 

I l<a<b<j I 

Now using that {a k , a k ) = 2 and i' — i = pia kl it is easy to check that this simplifies to give 

2(i,i'-i) + (i' -hi'-i) +2^pz 

I 

which is the same as the exponent of q in (|42|) . 

Finally, to complete the proof one shows that T^v = v since v is a highest weight vector. To see 
this first note that if E k (w) = (rcsp. F k (w) — 0) then T k (w) — U k (w) and F k U k (w) — (resp. 
E k U k {w) = 0). Here U k is the decategorification of U k , namely U k (w) equals 

where wt(w) denotes the weight of w. Thus we get: 

Tl{v) = [(U n -i){U n - 2 U n -i) ...(Ui... U n -t)] [([/„_i . . . C/i) . . . (C/„-i[/„_ 2 )(f/„-i)](u). 
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Now consider the middle two terms U n -iU n -i(w) where w = (U n -i ■ ■ ■ U\) . . . (U n -iU n -2)(U n -i)(v). 
By the argument above we know either E n -i(w) = or F„-i(w) = 0. Let us suppose E n -i(w) = 
(the other case is the same). Then 

Un-iU n -i{w) - h n _ x b n _ x (w) 



E 

j>0 



n—1 n — 1 

3 



F (<wt(«;),Q„_i)-j) j-,((wt(u)),a„_i)-j) , \ 



Since E n -i(w) = all these terms vanish except for the one term when j — (wt(w), a n _i). Thus we 
get /7 n _i?7 n _i(w) = iu. Repeating this way we obtain T*(v)=v. □ 

Corollary 6.6. Suppose i is a dominant weight. The clasp Pli is the unique (nonzero) projection in 
End(A|(C m )) which satisfies T%P = P = PT%. 

Proof. The vector space A|(C m ) is spanned by vectors v 6 Vi C A^C" 1 ) (which are highest weight 
vectors) and vectors of the form F^ 1 ^ ■ ■ ■ F^ P3 \v) where v is a highest weight vector. 

In the first case we have P(v) — v and T%(v) — v by Proposition 16.51 In the second case we have 
PF^ . ..F^\v) = by Proposition O and likewise PT^F^ . . . P fc (Pj) (v) = by Proposition ECU 
This shows that T^P = P = PT%. 

On the other hand, suppose P' is another projection which satisfies T^P' = P' = P'T%. Then 

P'F^...Fj?/\v) = P'TZFfrK..F^\v) 

= p' (7 (i'+ii'-i>+2EiP!p'(Pi) _ ,.F^Hv) 

by Proposition 16.51 Now (!',«' — i) > and — i) > since i, i' are dominant weights and i' — i = 
J2iPi a h where pi > 0. Thus the exponent of q is positive and we conclude p'Fjf 1 ' . . .F^ (v) = 0. 
Then P'liF k = for any k and hence P'U = P1 L by Proposition [OJ □ 

Recall that P~l^ G Kom~(/C) is an idempotent (Proposition 15. 7p satisfying T^P^l^ = P~li — 
T^P^l^ (essentially by definition). It follows that if i is a dominant weight then P~li categorifies Pli 
in the sense that p([P"lJ) = Pl t _ 6 K{K). 

If i is not dominant let a G S n be a permutation such that <r ■ i is dominant and consider its lift T a 
to the braid group. Now T~ l P\iT a is idempotent and T^T^ 1 commute with T 2 which means 



^(T^Pl^l^ = T^PliT^i S (T^Pl^T 2 ! 

So by Corollary EH we conclude that T^Pl^ = P\ a .i_. 

A similar argument show that T" 1 ? - !^^ is idempotent and 



2^ 

(7-1 ■ 



T^T-ip-irr,)!^ = T^P-VT,!^ = (T- 1 p-l i T a )Tll a . i . 



This means that ^([T^P-liT^) = Pl a -i which, since T- x P\{T a = P1 CT -|, implies p([P _ liJ) = Pli. 
This concludes the proof of Theorem [ 



7. The representation A™°°(C m <g)C 2o °) and tangle invariants 



We will now prove Theorem 12.41 Most of the work is setting everything up correctly at the decate- 
gorified level fsubsections l7.2l and l7.3j) . It is then straightforward to pass to categories (subsection [73} ■ 
In subsection !7.5l we explain how to obtain Z 2 -graded homological link invariants from our setup. 
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7.1. The weight spaces. If we fix m,N then 

A q nN (C m 55 C 2N ) £ A™ Ar (C m © • • • © C m ) 

e A^C" 1 )® A; 2 ~(C m ) 

ii+...i2jv=miV 

where there are 27V summands C m in the first line. As noted in section HTTl cach A^ 1 (C m )® • • -®A q 2N (C m ) 
is a weight space for the action of U q (shN) where 

. . . g> A** (C m ) ® A^ 1 (C m ) ® . . . ^ • • • ® A** -1 (C m ) ® A^+ 1+1 (C m ) <g> . . . . 

Thus, we get: 

Lemma 7.1. The nonzero weight spaces of A™^ (C m <E) C 2N ) as a U q (sl2N) -module are in natural 
bijection with 2N -tuples . . . , 1%n) where < i±, . . . , i2N < Tfi and ^2 e ig — mN . The generators Ek 
and Fk of SI2N correspond to maps 

(it, ■ • . ■ • • ,i 2 n) (h, - Mk+i + 1) ■ • -)*2iv)< 

while the Weyl group o/s^at, with generators s±,... ,S2N~i, permutes the weights: 
8* • (ii, . . . ,ik,ik+i, ■ ■ ■ ,12n) = (it, ■ ■ ■ ,ik+t,ik, ■ 12n)- 

The weight space of A™ w (C m ® C 2N ) labeled by i = (i u . . .,i 2N ) will be denoted V(i). In this 
notation = (0, . . . , —1, 1, . . . , 0) while the bilinear form (•, •) on weights is given by the usual dot 
product (i, 1) =%■ % of tuples. The highest weight is (0, . . . , 0, m, . . . , m) where there are N 0s and ms. 

Given a weight i denote by p(i) the sequence obtained by dropping all ig S {0, m}. For example, 
if i = (1,0, 3, m, 5) then p(i) = (1,3,5). Moreover, we denote by S(i) the set of weights j[ such that 
p(£) = p(i!)- We can act on S(£) by exchanging u,ie+t S i if at least one of them belongs to {0,m}. 
This action is clearly transitive. 

Lemma 7.2. Fix i. The action described above on weights lifts via the braid group action to an action 
on ©jGS(i) V(j) which canonically identifies all the weight spaces V(j) with j G S(i). 

Proof. Recall that the braid group action on weight spaces is induced by Tfclj : V(i) — > V(sk ■£) where 

r fc li := Y,(-^ SE t {hak)+S) Fk } h or Tfcli := ^2(-q)'F^ + '^ E^U 

s>0 s>0 

depending on whether (i, au) < or (i, a^) > 0. Now, suppose that ik or ik+i belongs to {0, m}. Then 
it is easy to see that all the terms in the summation are zero except when s — 0. In other words, Tfel^ 

equals ^' a *^li or F^'°""^li depending on whether (i,ak) < or (i,Oik) > 0. 
This means that T 2 li is either 

r k ^k H 01 a k r k - L i- 

In the second case 

E {(i-a k )) p{(ba k )) -. _ \ "* 
k k L / j 

j>0 

since E^ hak ^ ^lj = for j < (i,otk) (and likewise in the first case). So T|lj_ = lj. 
Since the action is transitive on S(i) we can assume that 

i = (0,...,0,m,...,m,ii,...,ij) 



'A,a k ) p((i,a k )-j) „(< 

j k k 
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where there are n\ O's and 712 m's and it {0,m}. Now Tkli clearly acts by the identity if k = 
1, . . . , m — 1 or fe = m + 1, . . . , ni +712 — 1 (i.e. if it acts just on the O's or just on the m's). Combining 
this with the fact that T% lj = lj if or is in {0, to} (proven above) gives the result. 

□ 

Now let N — > 00. We denote the resulting (infinite dimensional) vector space by A™°°(C m ® C 2o °), 
but this is just notation. Its definition is by imitating the weight space decomposition above. More 
precisely, 

A™°°(C m <g> C 2o °) A™°°(0C m ) 

feez 

= [••■®A^(C m )(g)A^+ 1 (C m )®...] 

where the direct sum is over all sequences i where ifc = 0iffc<c0 and = m if k S> and the sum of 
all ik $ {0, to} is divisible by to. Because of the former condition the infinite tensor product in each 
summand above is actually finite. As before, Ek and Fk correspond to maps 

(. . .,i k ,ik+i, ...)<=*(•• ->U - Mfc+i + !,-■•)• 

except now fc € Z. The weight space labeled by i is still denoted V"(i). 

Given j we again have p(i) which forgets all the terms in i equal to or to. Note that p(i) is still a 
finite sequence. As before, we denote by S(i) all sequences i' such that p(i) = p(i'). 

Now consider the embedding U q (s\2N) — > C^ 9 (sIoo) given by Ek-N and Ffc >->• Ffc-jv where 

fe=l,...,2JV-l. If we restrict A™°°(C m ® C 2o °) to U q (sl 2N ) we find that it contains the module 
A™ Ar (C m ® C 2N ) as a direct summand. Moreover, given any weight i, the weight space V(i) sits as 
the weight space of such a direct summand for N sufficiently large. The following is an immediate 
corollary of Lemma 17.21 

Corollary 7.3. Using the braid group action, any two weight spaces V^li) an< ^ ^fe) 0/ A™°°(C m ® 
C 2o °) are canonically isomorphic if ii,i2 € S(i). 

7.2. Tangle invariants: fundamental representations. Let us briefly recall what we mean by an 
sl m framed tangle invariant. Consider a framed tangle T whose strands are labeled by representations 
(or equivalently, dominant weights) of st m . Let A = (Ai, . . . , A„) be the labels on the strands at the top 
and [i — (/ii , . . . , p n ' ) be the labels on the strands at the bottom. As usual, V\ denotes the irreducible 
sl m representation with highest weight A. 

A U q (sl m ) framed tangle invariant associates to such a tangle a map of J7 g (s[ m )-modules 

V(T) : Vx := V Xl <8 • • • ® V\ n -»■ := ® • • • (8) V^, . 

This is done by analyzing a tangle projection from bottom to top and assigning maps to each cap, cup 
and crossing (the generating tangles are shown in figure [!}. If the maps tp(T) do not depend on the 
planar projection of the tangle then we get a map 

ip : |(A,/i) tangles j -> H.om Uq(slm) {Vx, V E ) 

If T = K is a framed, oriented link then i(>(K) is a map C[g,(7 _1 ] — > C[(7,q _1 ] and ^(iT)(l) becomes a 
polynomial invariant of K. 

For the moment we examine the case when the Ai are all fundamental weights. In this case, A 
; A . , . . . , Aj n ) and hence V x is identified with V(i) where i — (. . . , 0, i\, . . . , i n , to, . . . ). 
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Reshetikhin and Turaev denned such a framed tangle invariant in |RT| . We now explain how to 
recover their maps from the C/ 9 (s[oo)-module A™°°(C m (g> C 2o °) using skew Howe duality. First we 
define the following: 

• two maps V(i) — > V(s k •£) corresponding to the two crossings in figure ([1]) 

• two maps V(. . . ,i k -i,ik,h+i,ik+2, ■ ■ •) ^ V(. . . ,i k -i,h+2, ■ ■ ■) where i k + i k +i = m corre- 
sponding to the cap and cup in figure (fTj). 





k+l 



Figure 1. The cup and cap can have either orientation as long as i k + i k +i 



777. 



The first two maps are defined by T k li : V(i) — > V(s k ■ i) and its inverse T k lj. The cap map is 
given by 

E^'U : V(. . . ,7fc-i,7fe,7/c+i,7fe+2, ...)->• V(.. .,i k -i,0,m,i k+2 , ■ ■■) 
where we then identify V(. . . , i k -\, 0, m, i k +2, ■ ■ ■) with V{. . . , i k -i, i k +2, • • • ) using Corollary 17.31 (al- 



ternatively, we could have defined the cap as 
map is defined by 



(*fc+i) 



li which yields the same map). Similarly, the cup 



L t r k 



V(. . . , ifc-i, 0, 777, 7. fc+ 2, ...)->• V(. .. , ik-i, ifc, ife+i, ik+2, ■■■) 
where we identify V{. . . , i k -i,i k+2 , ■ ■■) with V(. . . , i k -i,0, rn, i k+2 , ...). 
Proposition 7.4. These maps define a U q {s[ m ) framed tangle invariant. 

Proof. In Lemma l6Tl we saw that the actions of U q (sl m ) and U q (sl n ) on (C m <Ei C n ) commute. This 
implies that the actions of U q (sl m ) and U q (sloo) on A™°°(C m (8> C 2o °) also commute. Since V(i) is 
a weight space of U q (sl 00 ) the action of U q (sl m ) preserves it. Morever, all the maps defined above 
(crossings, caps and cups) are written in terms of elements in [/^(stoo) which means that they commute 
with the U q (sl m ) action and hence induce maps of J7 g (s[ m )-modules. 



Reidemeister (0) 





\ \ / / 

Reidemeister (III) 




Fork move 



Reidemeister (II) 



Height isotopy 



FIGURE 2. Invariance relations where (★) = q lk ^ m (_g)mm(i fc ,m i k ) _ 



To show that we have an invariant it suffices to check the relations in figure © where the strands are 
labeled by arbitrary fundamental weights. One also needs to check isotopy relations involving changing 
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the height of crossings, caps and cups which are far apart (for example, the right most relation in 
the second line of figure fl5J). However, these isotopy relations are clear because the functors Ei,Fi 
commute with Ej, Fj if \i — j\ > 1. The other relations above are equivalent to the following identities. 

• (RO): The compositions 

V(...,0,m,i fc ,...) fc ~ 2 > V(. ..,ik,m-ik,ik, •••) '°~ 1 > V(. . . ,ik,m, 0, . . .) 

V(. . . , ifc,m, 0, . . . ) S V(. ..,ik,m- ik,ik, • ■ • ) 2 > V(. . . , 0, to, . . . ) 
are both equal to the identity map if you identify V(. . . , 0, m, ik, ■ • - ) and V(. . . , ife, m, 0, . . . ). 



(RI): The composition 



Ek k) „, . ■ , T k 



V(. . . , m, 0, . . . ) — ; — ► V(. . . , m - ifc, ifc, . . . ) — > V(. . . , ik, m — ik, ■ ■ ■ ) 
is equal to (*) = q^m-i*) (_ q }min(i k ,m-i h ) times the cup map 

^(m-i*) : n....,,,. ().... i M l. ...//../,- „.()....;. 

• (RII): The maps V(£) V(sk ■ i) and V(sk ■ i) k > V(£) are inverses of each other. 

• (RIII): The compositions 

V(i) V(s k -i) V{s k+ is k ■£) V(s k s k +is k ■£) 

V(i) — V(s k+1 ■€) ^ V(s k s k+ i ■£) — ^ V(s k+1 s k s k+ i ■£) 

are equal to each other. 

• Fork move: The compositions 

T E k k) 

V(. ..,i k ,ik+i,rn-ik, ...) — V(...,ifc+i,ifc,m-ifc,...) V(. . . , ife+i, 0,m, . . .) 

V(...,ife,ifc+i,m-ife,...) — ^ V(...,H,m-ifc,ife+i,...) — — >■ V(. . . ,0,m, i fe+1 , . . . ) 
are equal to each other if you identify V(. . . , i k +i, 0, m, . . . ) and V(. . . , 0, m, ik+i, ■ ■ ■ )■ 
(RO). Consider the first composition. The identification 

V(. . . , 0, to, j fc , . . . ) « — > V{. . . , i k , to, 0, ... ) 
can be done by the element T k _iT k _ 2 T k _i. Thus we need to show that 

T k ^T k ^ 2 T k ^FtMi = id G EM Ut(slm) (V(. . . , 0, m, i k , . • • ))• 
Fortunately, in this case every T. has only one term in its summation and we get 

T T T p( i fe)p( i fc) _ p(w-ife) p(ifc) p(m) p(ifc) 
^*-l-i*-2- 1 *-l- r H_l't_2 — r fc-l £/ fe-2 £/ /c-l r fe-l r fe-2 

— r fc-l - C/ fe-2- C/ /c-l ^fc-2 

_ p(m-ife) p(ife) p('ifc) p(m-i fc ) 

— r fc-l rj k-2 r k-2 rj k-l 



j-,(m—i k ) j-,(m— 



= id 



where we use Lemma |4~T1 fand careful tracking of the weights) to get equalities two, four and five and 
that E^fW = F^E^ iii^j to get the 
composition of (R0) is equal to the identity. 



that E^Fj® = F^E^ if i ^ j to get the third equality. Similarly one can prove that the second 
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(RI). Suppose 2i k < m. Then 

= E { h m ^ k) q l ^ m -^(-qY k l L 

where i = (..., m, 0, ... ). To get the first equality we use Corollary 14.51 where the shift (—i k (m — ik + 
is translated in K-theory using (f) <r> q~ l . The third equality is by Lemma FTT1 
On the other hand, if 2i k > m then we have 

T k E^hi = T k Fl m - lk) E { k m h L 

— E^ m ~ ik ' > q ik< - m ~ ik \—q) ( - m ~ ik ^l i . 

(RII) and (RIII). The (RII) relation follows from CKL3] where we show that T k is invertible. 
The (RIII) relation follows from |CaK3j (see the discussion in section 15.11 and Proposition 15. lj) . 
Fork move. The identification 

V(...,ifc+i,0,m,...) < — > V(...,0,m,ik+i,--.) 
can be done by the element T k T k+ i. Thus we need to show that 

Tp{i-k) rp -t rp rp Tp(^k)rp— 1 -t 

£/ fe+ l ifel i - ± k ±k+ib k i k+1 U 

where i = (. . . , i k , ife+i, m — ik, ■ ■ ■ )■ By (the decategorification of) Lemma 15.21 T k Tk+iE k = 
E ( k ik \T k T k+1 and the result follows. □ 



Above we used the J7 g (s[oo) structure to construct an isomorphism V\ — V(i) — > V(s k ■ i) = and 
to define caps and cups. Alternatively, one can define this isomorphism as Flip o R where R is the 
i?-matrix defined in |RT| and Flip exchanges factors k and k + 1 (one can also define caps and cups in 
this way). We now explain why these two approaches are equivalent. 

Proposition 7.5. The maps T k \i, EY k '\i and \iF k k ^ used above to define crossings, cups and caps 
are equal to the Reshetikhin-Turaev maps [RT] up to a scalar and multiplication by some power of q. 



Proof. By [CKL11 Thm. 4.3] we know that the crossings are assigned the same map up to an (explicitly 
identified) multiple of q and a sign. Now, the cap (and similarly the cup) is defined in both cases by 
maps A* (C m )® A™~ l (C m ) — > C of t/ 9 (s[ m )-modules. If q = 1 the space of such maps is one-dimensional. 
Hence the map above and that in [RTJ must differ only by some factor / G C[q, q^ 1 ] (everything is 
defined over <C[q, q^ 1 ])- Because of Reidemeister move (0) it follows that / must be invertible which 
means that / is some power of q (up to a scalar) . □ 

Remark 7.6. Once you fix the maps associated to (i, m — i) crossings there is not much choice for the 
maps associated to an (i,m — i) cup or cap if you insist that the invariant of the unknot labeled by i 
rn 



or m — i equals 



More precisely, the possible choices are parametrized by a scalar and a power 



of q (i.e. an integer). This is because, once you rescale an (i, m — i) cup by some / 6 C[g, q _1 ] (which 
is the only way to change it since the space of maps is one-dimensional) then using Reidemeister (0) 
we find that all other (i, m — i) cups must also be scaled by / and all (rn — i, i) caps are scaled by / . 
Moreover, the evaluation of the unknot implies that all other (i, m — i) caps also get scaled by f~ x and 
hence all (m — i, i) cups are scaled by /. 
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Since any link contains an equal number of caps and cups this means that the link invariant is 
unchanged by such a rescaling. In particular, the link invariant obtained using the maps T/., and 
P^ above only differs from the Reshetikhin-Turaev link invariant by (at worse) a scalar and some 
power of q. 

7.3. Tangle invariants: arbitrary representations. To obtain the Reshetikhin-Turaev invariants 
for tangles labeled by arbitrary weights we use the clasps Plj defined in section [6] Recall that Plj is 
the composition 

(43) A^(C m ) ^ Vi A A^(C m ) 

where Vi = Vj2 k A ; fc > ^ ne nrs ^ ma P is projection and the second map is inclusion. Such a map is unique 
up to scalar but if we insist that P 2 = P then this scalar is also uniquely determined. 



X 



Figure 3. A strand labeled A = 5Z5c_i ^i* defined using a clasp. 

Instead of dealing with a strand labeled by A = X)l-=i ^4* we replace it with n strands labeled by 
i\,...,i n together with a clasp. Diagrammatically, the clasp is illustrated by a box as in figure ([3j). 
In this setup, we work with clasps and strands labeled only by fundamental weights. One can then 
associate a map to crossings, cups and caps involving strands labeled by arbitrary representations as 
follows. 

Since Plj is idempotent we recover Vi as the image of Plj on A^(C m ). Now, if J2k=i ^k an d 
/i = J2k=i Ai* one recovers the crossing map Vi ® Vj —> Vj ® Vi from the crossing map V(i) ®V{j) — > 
V(j) eg) V(i). Note that this latter map involves multiple crossings of strands labeled by fundamental 
representations and hence is somewhat complicated. 

However, this construction only makes sense if this crossing map maps Vi ® Vi C V(i) <8> V(J) to 
Vj <g> Vi C V(j) ® V(i). This is indeed the case because of the relation in the first row of figure (J4j) . 
The relations in figure ((4]) also ensure that the resulting maps satisfy the relations in figure ([2]) where 
(*) = q T lk ih{rn-i k )^_ q ^£ lk mm{i k , m -i k ) j£ the top left stran d is labeled by J^k^k- 

Proposition 7.7. The relations in figure |7J) are valid. 

Proof. This is a consequence of Proposition 17.101 where we check these relations at the categorical 
level. This means that we regard Plj as the class [P — lj] where P~ = lim^oo Tjj rather than as the 
composition i o -k from (|43[) . From this point of view the relations in figure Q follow very easily. □ 

7.4. Categorical knot invariants. Having constructed from the C/ 9 (s[oo)-module A™°°(C m d2>C 2o °) 
the Reshetikhin-Turaev framed tangle invariants we can now categorify the whole picture as follows. 
In place of A™°°(C m £§> C 2o °) we take a categorical 2-representation whose weight spaces are graded 
categories T>(i) such that K(T>(i)) = V(i). In other words, suppose we have categorified the Uq(sloo)- 
module A™°°(C m ®C 200 ). 
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Figure 4. Relations involving clasps. 

The isomorphisms T k : V(i) —> V(s k ■ i) are categorified by complexes Tfelj as in (j4]) and ([5]). Thus 
we actually need to use the homotopy categories Kom~(2?(A)) instead of V{\). So, to summarize, 
instead of weight spaces V(i) and maps E kl F k we end up with: 

Kom,, (£>(. . . , ik,ik+l, ■ ■ • )) <=* Kom„ (£>(. ..,i k - l,i k +i + 1, . . . )) 

F fe 

and with T^l^ : KomJ (£>(£)) — > Kom~ (V(s k • £))■ 

Corollary 7.8. Any two categories Kom~(X'(i 1 )) and Kom~(2?(i 2 )) are canonically equivalent ifii,i 2 £ 
S(i). 

Proof. This is the categorical analogue of Corollary 17.31 The proof is the same. □ 

Next we define functors associated to crossings, cups and caps as follows. More precisely, we need 

• a functor Kom~(£>(i)) — > Kom~ (U(s k ■ £)) which is invertiblc 

• functors Kom~(£>(. . . , i k -%, i k , i k +%, i k+2 , . . . )) <=* Kom^(2?(. . .,ik-i,ik+2, ■■■)) whenever i k + 
ifc+i = m. 

Immitating what we did before, the first functor is T^l^ which we know is invertible. The cap map 
is defined by 

E^ fe) lj : Kom,: (£>(. . . , i k -i,ik, ik+i,ik+2, ••■))-> Kom,: (T>(. . . , i k -i, 0, m, i k+2 , • • • )) 

where we then identify Kom~(Z>(. . . ,i k -x, 0, m, ik+2, ■ ■ ■ )) with Kom~(Z?(. . . ,ik-\,ik+2, ■ ■ •)) using 
Corollary 17.81 and the cup map is defined by 

1 i F fc' c) : Kom~(P(...,i fc _i,0,TO,i fc+ 2,...)) -» Kom~(2>(. ..,i k -i, ik,h+i, ik+2, ••• )) 

where we identify Kom~(2?(. . . , i k -i,ik+2, ■ ■ ■ )) with Kom~(2?(. . . , ifc_i,0, m, i fc+2 , ...)). 

Proposition 7.9. These maps define a homological framed tangle invariant. In other words, the 
relations in figure flj) hold as isomorphisms of functors, where 

(*) = (-ifc(m - ik) - mm(i fc ,m - i fe ))[min(i fe , to - i fc )]. 
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Proof. This is the categorical analogue of Proposition 17.41 The proof is the same. Recall that (1) 
denotes a grading shift by one (coming from the internal grading of the categories 2?(A)) while [1] is a 
cohomological shift by one. The (RI) relation states that the curl can be undone up to twisting by (*) , 
which is the categorical analogue of multiplying by g l fc( m ~ J f=) (— g) mm ( l fc> m -*fc). □ 

Next we define the clasp using the complex of 1-morphisms P~lj_ G Kom~(/C). We already know 
that P~liP~li = P~li by Proposition 15. 71 It remains to show that: 

Proposition 7.10. The relations in figure ^ are valid as isomorphisms of functors. 

Proof. We check the relation between the first two diagrams in the first row of figure (Q| (the other 
cases are proved in exactly the same way). The left and right hand sides are equal to 

(Ta . . . T n )(T~)l a , and (T~)(T! . . . T^T^l^) 

Now consider the map 

(44) (T 1 ...T ri )(C)l M ^(C)(T 1 ...T I1 )(0 (!il) 
induced by the map 1 — ► T^ 3 . The cone of this is (by definition) the composition 

(45) (R)(T 1 ...T B )(T~)l (ii) . 
Now, for any n > 

and (Ti . . . T n )(Tl n ) = (T^)(Tj . . . T„) so we get that 

(R)(T X . . . T n )(T-)l (i)i) - (R)(T^)( Tl . ..T n )(TZ)l<i,i). 

Now (R)(T^ n ) is supported in homological degrees < — 2n by Proposition 15.61 Since (Ti . . -T„)(T^) 
is supported in non-positive degrees this means that (1451) is supported in degrees < — In. Since n 
above can be chosen arbitrarily this means that (|45l) is contractible and hence the map in (14"4"|) is an 
isomorphism. □ 

Thus we get a categorical (framed) tangle invariant which categorifies the Reshetikhin-Turaev in- 
variants. This concludes the proof of Theorem 12.41 

7.5. A homological link invariant. Using the process above, the homological invariant associated 
to a framed, oriented link K is a complex of functors 

#_(#) G KorrT(£>(0,m)) -> Kom"(X>(0,m)) 

whose terms are direct sums of the identity functor with various grading shifts. 

One way to obtain a doubly graded homology from ^f^(K) is as follows. First, consider the Z-graded 
algebra 

A := End*(l(o l2i )) =0End(l (2a ), l ( o,™)(fc)). 

fcez 

Now, an element of End(Kom _ (2?(0,rn))) is a complex of functors 

> A,_i -> A, -> A l+ i where A t G End(X»(0,m)). 

Thus we can consider the functor 

Hom(0 1(0,™), •) : End(Kom~ (V(0, m))) -> Kom~(A-mod). 

feez 

Since under this map l(o,m) ^ A, the image fy'_(K) of &-(K) is a complex of projective A-modules. 
Tensoring with C gives us fy_(K) := C ®a &'_(K) which is a complex of Z-graded vector spaces. We 
can then define H*! 3 (K) to be g^H l (^-{K)). 
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In this paper we will consider only 2-categories K, where End fc (l(o. m )) = if fc 7^ 0. Hence A = C and 
the procedure above is redundant (i.e. in this case ^-(K) contains the same information as 1-C^(K)). 

8. AFFINE GRASSMANNIANS AND THE 2-CATEGORY /Ccr,m 

We now define a categorical 2-representation /Ccr,m categorifying the J7 g (sloo)-module A™°°(C m ® 
C 2o °). The 2-category K,Gi-,m is obtained by considering derived categories of coherent sheaves on 
certain iterated Grassmannian bundles associated to the affine Grassmannian for PGL m . 

8.1. Derived categories of coherent sheaves. If A is a variety then we write D(X) for the bounded 
derived category of coherent sheaves on A. The homological shift in D(X) is denoted by [■] and the 
Grothendieck group by K(D(X)) or K(X) for short. 

An object V G D(X x Y) whose support is proper over Y induces a Fourier-Mukai (FM) functor 
$73 : -D(A) — > D(Y) via (•) n> tt2*{^\{-) ® V) (where every operation is derived). One says that 
V is the (FM) kernel which induces $7?. The right and left adjoints $p and <I>|i are induced by 
V R := V v (E) 7T^ x [dim(A)] and V L ■= V v <g> Tr^wy [dim(F)] respectively. 

If Q G D(Y x Z) then $ Q o $ P = $ Q * P : D(X) -> D(Z) where Q * V = 7ri 3 *(7r| 2 P ® 7t| 3 Q) is the 
convolution product. So instead of talking about functors and compositions we will speak of kernels 
and convolutions. 

If A carries a C x action then we can consider the bounded derived category of C x -equivariant 
coherent sheaves on A which, abusing notation, we also denote by D(X). The sheaf Ox{i} denotes 
the structure sheaf of A shifted with respect to the C x action so that if / € Ox(U) is a local function 
then viewed as a section /' G Ox{i}(U) we have t ■ f = t~ l (t ■ f). We denote by {i} the operation of 
tensoring with Ox{i}- 

One can similarly define everything above for the bounded above (resp. below) derived categories 
D~(X) (resp. D + (X)) of coherent sheaves on A. 

8.2. Geometric categorical g actions. In CaK3l Section 2.2.2] we introduced the idea of a geometric 
categorical g action, for any simply laced Kac- Moody algebra g. This definition gives rise to a categorical 
2-representation of g as we now explain. 

A geometric categorical g action consists of a sequence of varieties Y(X), FM kernels E\ , J-^ and 
deformations Y(X) — > f)' of Y(X) where f)' := spanjA^} (everything is also equipped with a compatible 
C x action). From these data we obtain categories P(A) := D(Y(X)) and functors E^ r) := $ <,•,, F 2 (r) := 

Now, denote by Yj(A) — > A 1 the restriction of V(A) to the subspace in f)' spanned by A,. One can 
use Yi(X) to obtain a morphism 

0< : A*C>y (A) -> A,e> y(A) [2]{-2} G D{Y(X) x Y(X)) 

where A denotes the diagonal embedding. This morphism is defined as the connecting map in the 
standard exact triangle 

A*(IV(a)[1]{-2} -> i*i*A*O y{x) -> A*O y(x) 

where i : Y(X) x Y(X) — >• ^(A) x F(A) is the natural inclusion of the first factor (see [GKL21 Sec. 5.1]). 
Since A + CV(A) induces the identity functor on D(Y(X)) we get a 2-morphism 9{ : 1\ — > 1a (2) where 
(1) := [1]{ — 1}. Subsequently, the deformation Y(X) carries the same type of information as 9i. 

It is then not difficult to show that the relations in a categorical 2-representation are implied by 
those in a geometric categorical action. 
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8.3. A geometric categorical sl 2 N action. Fix m. We will now define a geometric categorical sfejv 
action which categories the [/^(sb^-module A™ 7V (C™ ® C 2N ). Recall that the weight spaces in this 
case are indexed by i — . . . , %2n) where < i k < m and i k = Nm. 

8.3.1. Varieties. We define 

Y(i) := {C[z] m = L C Li C ■ • • C L 2N C C(z) m : zLy C Lj_i,dim(£j/Lj_i) = i 3 } 

where the Lj are complex vector subspaces. If we forget L 2 n then we get a Grassmannian bundle 

Y(h, . . . , iiN-u *2Af) ->• ■ • ■ , l2N-l) 

with fibres G(i 2 N,m) because L 2 n can be any subspace in z^ 1 (L 2 n-i)/L 2 n-i — C m of dimension 
i2Ar. Thus Y(i) is just an iterated Grassmannian bundle. 

The relation of Y(i) to the affine Grassmannian is via the twisted (or convolution) product. The 
variety Y(i) = G(i,m) is a subvariety of the affine Grassmannian for PGL m . More generally, see 
Proposition 2.1 of [CaK2 , Y(i) is the twisted product 

Y(i) = Y(i 1 )xY(i 2 )x...xY(i 2N ). 

For j = 1, . . . , 2N there is a natural vector bundle on Y(i) whose fibre over a point {Lq C ■ • • C ^2jv} 
is the vector space Lj/Lo. We will denote this bundle by Cj. 

8.3.2. C x action. There is an action of C x on C(z) given by t ■ z k = t 2k z k . This induces an action of 
C x on C(z) m . Since for any v € C(z) m we have t ■ (zv) — t 2 z(t ■ v) this induces a C x action on Y(£j 
via t ■ (Lq, . . . , L 2 n) = (t ■ Lq, . . . , t ■ L 2 n)- Everything we define or claim will be C x -equivariant with 
respect to this action. For example, the vector bundles d defined above are C x -equivariant, as are 
the correspondences in the next section. 

8.3.3. Kernels. For r > we define correspondences W k (i) C Y(i) x Y(i + rat) as the subvariety 
{(£•, L' % ) : L, C L' m }. Here, as in section FTT1 a k denotes (0, . . . , — 1, 1, . . . , 0) where the —1 is the fcth 
term. More explicitly, 

= {C[z] m = L ^...^L k ^L' k ^±i^> L k+1 ^...^ L2NC C(z) ™ . 
zLj c Lj-i for all j, and zL' k c ifc-i} 

where the arrows are inclusions and the superscripts indicate the codimension of the inclusion. We 
define the FM kernels 

(46) £ { ;h t _ := O w;(i) <g> det{C k+1 /£' k )- r <g> det(C k /C k ^) r {r(i k - r)} e D{Y(i) x Y{i + ra k )) 

(47) l.jf } := OwjCs) ® det(4/£ fe )^+ 1 - 4 '= +r {ri fe+1 } e £>(y(i + m t ) x F(i)) 
where the prime denotes pullback from the second factor. 

8.3.4. Deformations. The variety Y(£) has a natural deformation over A 2N given by 

{C[z} m = L CliC---Cl 2 JvC C(z) m ;xe A 2N : (z - Xj )L 3 C Lj-i, dimfo/Lj-i) = i,}. 

Notice that if Xj = for all j we recover Y(i). This deformation is trivial over the main diagonal in 
A 2N . For this reason we restrict it to the locus where x 2 n — to obtain a deformation Y(i) — > A 2Ar_1 . 
We identify A 2Ar_1 with f)' = I® z C~ C 2N /(l, . . . , 1). 

The C x action on Y(£) extends to a C x action on all of Y(£) if we act on the base A 2JV_1 via 
x i— > t 2 £. 

Theorem 8.1. TTie daia above gives a geometric categorical sl 2 N action. 
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Proof. All the sb-type relations (conditions (i) to (vii) in |CaK3i Sec. 2]) were proven in |CKLlj as 
part of Theorem 3.3. Conditions (viii) to (xi) of |CaK31 Sec. 2] were checked in the case of cotangent 
bundles to partial flag varieties in |CaK31 Sec. 3]. The exact same proof applies here so we will only 
sketch it. 

The first part of condition (viii) in CaK3 consists of showing that 

(48) £ k * £ k+1 * Skh = 4 2) * £h+iU © £k+i * 4 2) h- 

(2) (2) 

The right hand side can be computed explicitly. Namely S k * £k+i^-i and * £ I 1^ are equal to 
Ow k(2)k+1 (i) ®det(£ k+2 /£ k+1 )~ 1 det{£,' k+1 /C k )- 1 det{C' k /C k ^ 1 ) 2 {2i k + i k+1 - 5} 
Ow k+lk(2) (1) ® det{C k+2 /C i+1 )- 1 det{C k+1 /£ k )- 2 det(£' k+1 /C' k ) det{C' k /£ k ^) 2 {2i k + i k+1 - 3} 

where 

W k (2 )k+1 (i) := {(L.,L'.) : L' k -4 L k -> L' k+1 4 L k +i, and L j = L' } for j k, k + l} 

w k+ik(v (i) ; = {( L ; L 'm) : L 'k -> L k,L' k+1 -> L fc+ i, zL fe+ i C L' k , and Lj = L^ for j ^ k, k + 1} 

inside F(|) x Y(i + 2a k + a k+ i). This is easy since, for instance, the intersection 7r^ (Wfe+i) H7r^ (W|) 
is of the expected dimension and the push-forward via 7Ti3 is one-to-one onto its image. 
Similarly, and without any more difficulty, one can show that 

(£ k *£k+i)U+ ah = Ow kk+1 ® det(C k+2 / Ck+i) v det(C' k / C k -i){i k + i k +i - 2} 

where 

W kk+1 (i + a k ) := {(L.,Li) : L' fc -4 L fe -^4 L' fc+1 4 L k+ll and L 3 = L^- for j ^ fc,fc + 1} 

inside Y(i + ct^) x Y(i + 2a k + afc+i). Finally, we need to precompose this with £ k l{. We find that 
the intersection TT^ 2 1 (W k ) n (W kk+ i) is of the expected dimension but has two smooth components 
A and B defined by 

A := { (L.,L'„L:) : L k -> L' fc -> L fc -> L' fc ' +a -> L fc+1 = 4+1. and L 3 - = L' s = U> if j ^ k, k + 1} 
S := {(L.,L'.,L^) : L' fc ' -> L' fc -4 L fe ,Lfc Lfc +1 -> L fc+ i = Lfc +1 ,zLfe +a C L^', 
and = L^ = L" if j 7^ fc, k + 1}. 

Keeping track of line bundles we find that (£ k * £ k +i) * £k\% — 7r i3*(C'Au-B ® £) where 

C := det(L fc+2 /L fc )- 1 det(L' fe /L£) det{L'U L k - 1 ) 2 {2i k + i k+1 - 3}. 

Now E :— Ad B is a divisor inside A and L?. In fact, E is cut out of A by the map z : C k -^\/ 'jC^+i — ^ 
£' fc /£j!{2} and out of -B by the map C k / C' k — > C k+ i/C k+1 induced by the inclusion c -s> £fc+i. Using 
the standard exact triangle 

O a (-E) © O s (-L) -> Au s -> Ob 

one obtains the exact triangle 

(49) tt 13 »(O a ® ZU) © 7ri3»(0ij ® £b) -> 5* * ffc+i * ffcli -> 7Ti3*(Oe ® £) 
where 

£ A := det(£ fe+2 //: fe )- 1 det(£ fc+1 /4' + i) det{C'U C k -\?{2i k + ife+i - 5}, 

C B := dct(A-/4') det(£' fe 7£ fe _i) 2 det(£ fe+2 //: fe ) _1 det(£ fc+1 /4' +1 ) _1 {2*fe + ik+i ~ 3}. 
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Now nis(A) = W k (2) k+ i, the map 7Ti3|a : A — > W k (2) k+1 is generically one-to-one and Ca is pulled back 
from W k (2) k+1 . Since A and W k (2) k+1 are both smooth we have ~ki3*(Oa) — ®w ki2 ) k+1 an d hence 

Tr 13 «(0 A ® L A ) = Wk(2)k+i ® det(£ fe+2 /A +1 )- 1 det(4 +1 /£ fe )- 1 det(£' fe /£ fe _i) 2 {2i fe + i fe+1 - 5} 

A similar argument shows that 7ri 3 » (0 B ® £ B ) = £k+i * 4 2)i a- Finally, 7Ti3|_e is a P 1 bundle and C 
restricts to C P i(— 1) on its fibres. Hence kiz^Oe ® £) = 0. So (|4"5j) gives us the isomorphism in (14*51) . 

The second part of condition (viii) in |CaK3j is £i * £j = £j * £i if \i — j\ > 1. This follows from 
a direct computation of both sides (all intersections are of the expected dimension and push-forwards 
are one-to-one). Likewise for condition (ix) in ( al\3 which states that £i * J-j = J-j * £{ if i ^ j. 

Condition (x) in [CaK3] states that £ k and T k deform over Y(£)\b Y(i + a k )\B where B = a k = 
{x:x k — Xfc+i} C A 2Ar_1 . This is clear since we can deform W k (i) to 

Wfc(i) := {(L.,L'„x) : L. C L'„ie a k } 

and the line bundles used to define £ k and T k also deform. The condition x k — x k +i is imposed on us 
because (z — x k )L' k C £/c-i and (z — x k +i)L k+ i C L k . 

Condition (xi) in [CaK3] (the last condition) states that the cone £ kk +i of the map Ty : £ k * 
£ k+1 [-l]{l} £ k+ i * £ k deforms over Y(£)\ B x B Y(i + a k + a k+1 )\ B where B = ( a k + a k + i) L = {x : 
Xk = Xk+2} C A 2Ar_1 . The key is to identify £ kk +\ explicitly. Just like in Lemma |CaK3| Lem. 3.10] 
one can show that 

£ k k+x = Ukk+1 ® det(£ fc+2 /£' fc ) v ® Aet{C k +i/ C k -i){ik +h+i - 1} 

where 

U kk+ i := {(L.,L' m ) : L' k C L k ,L' k+1 C L k+1 ,Lj = L'j for j ^ k,k + 1} C Y(i) x Y(i + a k +a k+1 ). 

Then U kk +i deforms to 

U kk+ i := {(L.,L'„x) : L' k C L k ,L' k+l C L k+ll Lj = L' for j ^ k, k + 1, x 6 (a* + afc+i)^} 

and so do the line bundles used to define £ k k+l- Again, the condition that x k = x k+ 2 is enforced by 
the following sequence of implications 

(z - x k )L k c L k -i =>{z- x k )L k c L' k =>(z- x k )L k+ i c L' k+1 (z - x k )L' k+2 c L' k+V 

□ 

8.4. The categorical 2-representation /Ccr,m- The 2-category /Ccr.m is defined as follows. 

• The objects are D(Y(Q, i, m)) where i — (ji, . . ., i2iv) for some iV and ^2 k i k is divisible by m. 

• The 1-morphisms are all FM kernels and include £ k 'lj and lj-T"! as defined in (|4"r?)) and (14"T1) . 

• The 2-morphisms are morphisms of FM kernels and include the maps 

0j : ^A,y(0,i,in) — ^ ^ ) A,l'(0,i,rri)[2]{— 2} 

induced from the deformation Y(i) of Y(i) as outlined in section fST^T 

This data gives us a categorical 2-representation of sloe. What remains is to identify the U q {si aQ )- 
module it categorifies. 

The variety Y(i) is an iterated Grassmannian bundle. Since the Grothendieck group of the Grass- 
mannian G(z,m) has rank rv\ it follows that 

2N fm\ 

dim c K(Y(i)) = TT I . I where i = (h, . . . , i 2 jv)- 
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Since a finite dimensional ?7 g (s[2Ar)-module is uniquely determined by the dimensions of its weight 
spaces it follows that the data from Theorem O categorifies Af N (C m <g) C 2N ). Thus, letting N -> oo 
we end up with a categoriheation of the £/ g (.s[oo)-module A™°°(C m <S> C 2o °). 
This completes the proof of Theorem 12.61 

9. NAKAJIMA QUIVER VARIETIES AND THE 2-CATEGORY /CQ, m 

Since A^ lAr (C m (g> C 2N ) has commuting actions of U q (sl m ) and U q (sl2N) each sl m weight space is 
preserved by the action of U q (sl 2 N)- In particular, we can restrict the U q (sl 2 N) action to the zero 
weight space of sl m , which is isomorphic to (A^ (C 2JV ))® m . 

Letting N -)• oo we can likewise restrict the action of E/g(sloo) from A™°°(C m ®C 200 ) to A^°(C 2oo )® m . 
In this section we explain how this smaller [7, 3 (s[ 00 )-module can be categorified using Nakajima quiver 
varieties. This leads to the same link invariants as the ones constructed above. 

9.1. Categorification of A^°(C 2oo )® m . In ICKL4] we defined geometric categorical g actions on Naka- 
jima quiver varieties. We briefly recall this construction when q — s1 2 n following the notation in 
|CKL4j . 

Let r = (J, E) be the finite Dynkin graph of s^at where / and E are the sets of vertices and edges. 
Given v, w G N J = N 2W_1 one can define the Nakajima quiver variety 9Jt(w, w) as a symplectic quotient 
(see section 3 of |CKL4] V Now, if we fix w and allow v to vary then dJl(v, w) corresponds to the weight 
space A := WiAi — X^e/ vtat. Certain correspondences between these varieties define kernels 

G D(9Jl(v, w)) x 9Jl(v — re^w ) and J"f r) G D(m(v - re^w) x M(v, w)) 

where = (0, . . . , 0, 1, 0, . . . , 0) has a 1 in position i. Moreover, varying the moment map condition 
also gives deformations 97t(u, w) ■ 

Proposition 9.1 ([CKL4J. The data above defines a geometric categorical s1 2 n action on U„9Jl(w, w) 
which categorifies the U q (sl 2N ) -module (g) l V^' (g) 4 A* (C 2N )® W > . So, if we take 

w = (0, . . . , 0, m, 0, . . . , 0) = (0 N -\ m, O^ 1 ) e N 2N ~ X 
then this categorifies the U q (sl 2 N) -module A^ (C 2Ar )® m . 

Lemma 9.2. The weight spaces of the U q (sl 2N ) -module A^(C 2JV )® m = §vK(ffl(v,w)), where w = 
(O^" 1 , to, O^ -1 ) G N 2 ^ -1 , are in bijection with 2N -tuples (it, . . . , i 2 n) with < i\, . . . , i 2 N < to and 
ie = mN . This bijection is given by 

4> : v i-> (0^, m N ) + (vi,-vi + v 2 , -v 2 + v 3 , . . . , ~v 2 n- 2 + v 2 n-i, -v 2 n-i)- 

Proof. Under the bijection in Lemma [7.11 the highest weight corresponds to (0 , m ). In the case 
of Nakajima quiver varieties, the highest weight is given by v — 0. The rest follows since Fi : 
K(Dyi(v_,w)) — > K(DJl(y_ + e i5 w/)) while our other notation Fi : V(i) —> V(i — cti) where cti — 
(0,...,-l,l,...,0). ^ □ 

Now we take N -> oo. More precisely, denote v' := (0,u, 0) G N 2Ar+1 and w' := (0,w, 0) G N 2Ar+1 . 
By definition, 9Jl(v, w) and 9Jl(v'iW') are naturally isomorphic and likewise for the correspondences 
defining the geometric categorical s1 2 (at + i) action on LV9JI (v',w') and the s1 2 n action on \JvpJl(v, w). 
Hence we can take N — > oo to get a geometric categorical sloo action on Uv$}l(v, w) where w — 
(. . . , 0, to, 0, . . . ). We denote the associated categorical 2-representation /CQ !m . It categorifies the 
[/ g (s[oo)-module A^(C 2oo )® m . 
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9.2. Subsequent link invariants. Consider a categorical 2-representation of s[oo which categorifics 
A^°(C 2oo )® m . By Lemma I9T21 the nonzero weights V(i) are labeled by sequences i= (. . . , ik,ik+i, • ■ • ) 
with < ik < m, i/. = for fc <C and i^ — m for fc 3> and where the sum of all ik $ {0, m} is 
divisible by m. Then the same argument used to prove Theorem 12 .41 implies the following. 

Theorem 9.3. Given a categorical 2-representation of sloe which categorifi.es A^°(C 2oo )® m one can 
define functors for cups, caps and crossings as in section \2. 3.SX When applied to a framed, oriented 
link K this gives an invariant in the form of a complex of functors 

V-(K) : Kom"(2?(0,m)) -> Kom~(P(0,m)) 

whose terms are direct sums of the identity functor (possibly with some grading shifts). 

9.3. Relation to affine Grassmannians. The projection map 

(50) A mJV( C m g C 2iV) ^^oo^m 

of [/ g (s[oo)-modules can be realized geometrically as follows. Recall that in section [5] we defined the 
twisted product varieties 

Y(i) = {C[z] m = L c Li C • • • C L 2N c z- 2mN C[z] m : zL 3 c Lj-i, dim^/L^O = i,} 

where J2k^ k ~ ^ m (^ or notational convenience we have replaced C(z) m with z~ 2mN C[z] m in the 
definition of Y(i) above). This allows us to define the projection 

Pr : Z - 2mN C[z] m £ z- 2mN C[z] ® C m — -> z^Cfz] ® C m S z^Clz]" 1 

as follows 

' ® u if fc > -JV 



Pr(z fc (g) l>) = 



if ft < -JV. 



where u G C"\ Then we can define U(i) C Y(i) as the locus of points in L. 6 Y(£) such that 
Pr(iaAr) = z _ C[2] m or, equivalently, the locus of points where dim(Pr(L2Ar)/C[z] m ) = Nm. Since 
dim(i2Af/C[z] m ) = ik = Nm it is not hard to see that U(i) C Y(i) is an open subscheme. 

Using jMVj one can show that U(i) is actually isomorphic to dJl(v,w) where w = (0 , m,0 ) 
and ^>(u) = i via the bijection </> from Lemma 19.21 Moreover, if we denote by u the natural inclusion 
of yyt(v,w) into Y(£) then the restriction map u* : D(Y(i)) — > D{0Jt(v,w)) intertwines the geometric 
categorical stoo actions on \J$Y(t) and UypJl(v,w). In other words, 

u* o Ej r) £* Ef ) o u * and u* o Fj r) S F< r) o 

so that u* categorifies the projection map in (|50p . Another way of saying this is that u* induces a 
2-functor A^Gr,m — > ^Q.m which categorifies (|50|) . 

Subsequently, the homological sl m link invariants constructed using Theorem 12.41 and the affine 
Grassmannian are the same as those constructed (in the same way) using Theorem 19.31 and Nakajima 
quiver varieties. 

10. Some example computations 

To illustrate the constructions of clasps in this paper we will compute the cohomology of the unknot 
labeled by the sl m representation V2A1 — Sym 2 y (where V is the standard m-dimensional representa- 
tion of slm). This knot is illustrated in figure [5] where the P denotes the clasp P~ categorifying the 
composition V ® V —> V2A1 ®V . 

In what follows we will assume we have a 2-representation of sloo in the sense of |KL3[ IRoulj . 
Perhaps the main motivation for performing these calculations is to illustrate how the computation of 
our link homologies can be performed entirely within the realm of this higher representation theory. 
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Figure 5. 



The reader will note that our definition of a categorical 2-representation (from section |2~2")) is only 
a simplified version of the definition in KL3] IRoulj . For instance, it does not mention anything about 
KLR (a.k.a. quiver Hecke algebras) algebras. Our definition has the advantage of being easier to check 
in practice. For example, we do not know a direct way to check that the action from section [8] lifts to 
a 2-representation in the sense of |KL3| IRoulj . 

One way to deal with this issue is as follows. In [CKL2] we show that given a categorical 2- 
representation of one can extend it so that the nilHecke algebra (which is the KLR algebra of 
5(2) acts. In Ca2 we will generalize this to any simply laced Kac-Moody algebra, thus showing that 
the KLR algebras also act in this case. Combining this result with [CLaj implies that a categorical 
2-representation as defined in this paper lifts to a 2-representation in the sense of [KL31 IRoulj . 

Note however, that without the extra structure from [KL3 we still have a link invariant. It is just 
more difficult to compute. 



10.1. Some notation. Very briefly, recall the diagrammatic notation from |KL3j . We will only deal 
with the case where E = Ei and F = Fj.. An upward (resp. downward) pointing strand \ (resp. JJ 
denotes E (resp. F). Caps and cups denote adjunctions. A crossing denotes the nilHecke 2-morphism 
T : EE — > EE(— 2} while a solid dot y indicates the 2-morphism X : E — > E(2). By convention, 
1-morphisms are composed horizontally going to the left while 2-morphisms are composed vertically 
going upwards. 

We refer the reader to [KL3] for complete list of relations satisfied by such diagrams. One should 
not confuse such diagrams with link diagrams like the one in figure [5] 

10.2. The clasp. First we need an explicit description of the clasp P~. In this case it involves only 
two strands, so g = 5(2 and we have 

V{-2) <l D(0) ^ V(2) 

F F 

where X>(0) categorifies V<S>V while Z>(-2) and T>(2) categorify K 2 q {V). Here we abbreviated Ei and Fi 
as E and F. The projector P~lo is given by T^lo = Hindoo T 2£ lo which we now describe explicitly. 
First, we have 



(51) 

and squaring gives 



rx 

Tl = [EFlo(-l) ► 1 ] 



T 2 l n 



Tirv,r\tl (rx-rx 

EFEFl (-2) ^ EFlo(-l) © EF1 (-1) ^ ^ 1 



Now FE1_ 2 — 1— 2{ — 1) ® 1-2(1) where the isomorphisms are given by 

2 

(52) K_T and with inverses — and 
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Using these we find that T 2 1q is isomorphic to the complex 



EFl <-3) 



EFlo(-l) 



n 



rx 

EFlo(-l) >1 




Ti. 



EFlo(-l) 



- rx 



Using the cancellation on the two terms in the bottom row we end up with 



(53) 



t I -t i r\ 

T 2 1 <* [EFl (-3) T ± 1 EFlo(-l) ► 1 ]. 



EFl (-3) T * ' ± ) EFlo(-l) > lo 



Now composing (|5ip with (|53|) gives us that T 3 lo is isomorphic to 

-mi 



EFEFl <-4) 



TITi TITi 

Using (j5"2")l again we can expand to obtain 



■>EFEFl (-2> 



rxn 



nrx 



^EFlo(-l) 



rx 



EFl (-5) 



EFl (-3) 




EFl (-3) T ^ ' EFlo(-l) > lo 



>EFl (-l)-id 



id 



>EFl (-3) 




where a = — "f* A and /3 = — "j" A + "j" A . Note that to end up with this complex we used 

several relations such as the one relating clockwise and counterclockwise bubbles |KL3[ Eq. 3.7] and 
the bubble slide relations [KL3, Prop. 3.3]. In the end, using the cancellation lemma we end up with 

U+TA-T <y A U-U rx 

(54) T 3 1 S [EFl (-5> ► EFl (-3> T ^ 1 ^ EF1 (-1> ► 1 ]- 

The fact that the composition of the first two maps above is zero is a consquence of 

Ti 2 - T Oi + tOl=o=M-ldl + tOl 

which follows from relation KL3 ( Eq. 3.5]. 

Now, to simplify our computation, we will hereon assume that any positive degree endomorphism of 
I2 is zero. This is the case, for instance, in our categorical 2-represcntations /Ccr,m and /CQ,m- Then, 
iterating the argument above we find that 

(55) T 2 "l = [EFl (-2n - 1) -> EFl (-2n + !)-¥ > EF1 (-1> -¥ 1 ] 
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where the maps alternate between t j. - J + and ^ + T I. Thus P lo = lim^oo T 2£ lo is the 
obvious limit of this complex. 

10.3. Computation of the cohomology. In terms of our categorical 2-representation, the homology 
of the knot in figure [5] is given by the composition 

(56) E 3 FiP^EiF 3 : KoirT(£>(0, to, 0, 0, to, to)) KotrT (D(0, to, 0, 0, to, to)) 
where P^ = is the infinite complex 

(57) [ ► E 2 F 2 l i (-2n - 1) -)• E 2 F 2 l 1 (-2n + 1) -»• ► EaFal^-S) -> E 2 F 2 l i (-l) lj 

where z = (0, m — 1, 1, 1, m — 1, to). Now, 

E 3 Fi(E 2 F 2 )EiF 3 lfc = E3E 2 FxExl(o im ,i,o,m-i,ro)'"2F3lfc 

— ®[m-l]E3E 2 F 2 l(o im ,o,l,m-l,2i)F3lfe 

— ffi[m-l]E 3 F 3 lfc 

— ®[ m ] ®[m— 1] Ife. 

where = (0, to, 0, 0, to, to). Subsequently, the composition in (l56l) simplifies to give a complex 



(58) 



i£<_2n-l>-> l 4 (-2n + l)-^--> lfe(-l) -»■ lfe 

[m][m — 1] [m][m — 1] [m][m— 1] [m][m] 

where the right most term is a consequence of the fact that 

E3FiEiF 3 lfc = E 3 F 3 EiFilfc = 1 K - 

[m] [m] 

It remains to identify the differentials in 



Lemma 10.1. Let us denote A := ©r m _i| lfe- The right most map in \58\) is injective. After that, 
going to our left, the maps alternate between the zero map and some 7 : ©r m i A — > ©r TO i A{2) which is 
an isomorphism between the to — 1 summands A(~m + 3), . . . , A(m — 1) on either side. 

Proof. First we show that the right most map is injective. For any a, b G N, we can include 1& into 
E 3 FiE 2 F2EiF 3 lfc as the composition depicted in the lower half (the part below the dashed line) of the 
diagram on the left in figure [6l As we vary < a < to — 1 and 0<6<to — 2 we pick out every 
summand inside E 3 FiE 2 F 2 EiF 3 l^. 

Now, the rightmost differential in (|58[) is given by the adjunction map. To show that it induces an 
injection it suffices to show that the composition on the left in figure [6] is some nonzero multiple of the 
identity, for any < a < to — 1 and < b < m — 2. To see this, one can move the circle labeled 1 
inside the circle labeled 2 and, using the fact that the dots move through up-down crossings, obtain 
the composition encoded by the right hand diagram of figure H3 

The circle in the middle is now equal to the identity and can be removed. Note that the number 
of dots one needs on a circle for it to equal the identity depends on the weight space and is given by 
relation (iii) on page 22 of }KL3| . For the same reason, the circle labeled 2 is also equal to the identity 
and likewise for the final remaining circle labeled by 3. This proves that the composition is equal to 
the identity. 

Now we need to understand the remaining maps in the complex (|58|) . First notice that, for degree 
reasons, any map (B[m][m-i] lfe( — 2n — 1) — > ©r m ir m _ii l.fc(~ 2n + 1) induces an isomorphism between 
at most (to — l) 2 summands of the form lfe. Thus, it suffices to show that 7 induces an isomorphism 
on (m — l) 2 such summands. 
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Figure 6. 



Recall that the differentials in (1571) alternate between f J, — T -i an< ^ i i- T i ' Now f ^ and J ^ 
induce the two compositions on the left and middle diagrams in figure [7J (they occur in between the two 
dashed lines). These two compositions are clearly the same because we can move the dot around to the 
other side. So t ^ — T I induces zero while ^ J, + T -i induces (two times) the left hand composition 
in figure [7J 

Now, as we did above, we can move the circle labeled 1 into the middle and then remove it since it 
is equal to the identity. Thus we are left with the composition on the right side in figure [7J The middle 
circle labeled 2 is no longer equal to the identity but we can try to move it outside of the larger circle. 
In so doing we end up with two diagrams (this uses relation (3.14) from |KL3] ). In the first, the circle 
is outside and becomes zero. In the other the circle disappears but the outer circle (labeled 3) picks 
up another dot (for a total of m — 1 dots) and is thus equal to the identity. 




Figure 7. 

To summarize, the composition in (the left or middle diagrams of) figure [7J is equal to the identity 
whenever < a, b < m — 2. In other words 7 induces an isomorphism between (m — l) 2 summands of 
the form 1^, which is what we needed to show. □ 

Since, for k as above, we assumed Hom(lfe, lk(£)) — if £ ^ we can replace by C in (|58l) to 
obtain a complex of graded vector spaces. 
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Corollary 10.2. Denote by Xq,t(V2A 1 ) the graded Poincare polynomial of the sl m homology of the 
unknot labeled by \ / 2\ 1 ■ Then 



(59) X,, t (V r 2A 1 ) = l + [m-l] 



q -rn + t 3 g m+4 



Remark 10.3. Recall that, by convention, q corresponds to the grading shift (—1) while t corresponds 
to [1] (a downward shift by one in cohomology) . 

Proof. We still use the notation A = ©r m _]i C. Notice that the kernel and cokernel of 7 are A(— m+ 1) 
and A{m + 1} respectively. So, after using 7 to cancel out as many of the summands A as possible, we 
are left with the following complex 

(60) . . . 4 A(-m - 8) -> A(m - 8) A A(-m - 4) ->• A(m - 4) 4 -> C(m - 1). 

[m] 

The maps indicated above are zero because, by Lemma 110. 1[ they were already zero in (|58l) . The 
remaining maps must also be zero for degree reasons. Thus the graded Poincare polynomial is 

q- m+1 [m] + [m-l] (q- m+ H 2 + q m+ H 3 + <T" l + 8 i 4 + q m+8 t 5 + . . . ) 

which simplifies to give (|59|) . □ 

It is easy to check that x<j,-i(^ / 2Ai) = i^fejJJ which, as expected, is the quantum dimension of 
V2A1 = SymV. 

10.3.1. The cases m = 2, 3. When m = 2, CorollaryHOlgives x q A v 2Ai) = 1 + This invariant 
was also computed in CoK (see section 4.3.1). Their homology is supported in positive degree so their 
Poincare polynomial is actually 1 + q 1 ^ t l 2q l , obtained by replacing t with i -1 (one should also take 
q 1— > q^ 1 but this is not necessary since they use the convention that (1) •<-> q which is opposite from 
ours) . 

When m = 3, Corollary 110.21 gives Xq,t{V2K l ) = 1 + [2] q | . This was also computed in |Ros[ 
Example 5.4] (the calculation in the first arXiv version of that paper contained a small typo). 

10.3.2. Working over Z. If one is more careful, the calculation above can be done over Z rather than 
C. In this case A = ©r m _i] Z and the map 7 in Lemma llO.ll is multiplication by 2 between the m—1 
summands A(—m + 3), . . . , A(m — 1). Subsequently, the Z-rank of the homology is still given by (|5T)|) 
but there is also Z/2Z torsion. This torsion is isomorphic to 

Z/2Z(-4d)[2d] 

rf>l [to— l][m-l] 

(i.e. it occurs in cohomological degrees —2, —4, —6, . . . ). When m = 2 this torsion was also computed 
in [CoK] at the end of section 4.3.1 (in their notation, it corresponds to using the parameter a = 0). 

10.3.3. Torus links. Cutting off the calculations above also computes the invariants of torus links. For 
example, consider the link in figure [5] where P is replaced by n crossings (i.e. T n ). This gives the 
(2,n) torus link. Then the associated invariant is calculated by the complex in (|60[) where we chop off 
everything after the (n — l)th term A{-). So, for example, if n is odd then the Poincare polynomial of 
the (2, n) torus link becomes 

q -™ + t z q m+A (tq 2 ) n+1 (q m t + q- m ) 

1 + [m - 1] i-tv - ["» - i] r^Tv • 

When m = 2 this homology was originally computed by Khovanov in |Khll Prop. 26]. 
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10.4. Another computation: the homology of the unknot labeled by Ai + A m -i« One can 
similarly try to compute the homology of the unknot labeled by the adjoint representation of sl m 
(namely T / A 1 +A m _ 1 ). In this case we use the same knot as in figure[3]but relabel the middle two strands 

I, m — 1 instead of 1, 1. Then the composition we need to compute is 

F 3 FiP2~EiE3 : Kom~(P(0,m,0,m,0,m)) -> KorrT (V(Q, to, 0, to, 0, to)) 

where = is now the infinite complex 

[ ► F 2 E 2 l i (-m(27i - 1) - 1) -»• F 2 E 2 l i (-m(2n - 1) + 1) -»• ► F 2 E 2 l i (-m + 1) -> lj . 

Here i = (0, m— 1, 1, to — 1, 1, to) and, based on some calculations similar to the ones in the last section, 
it seems the maps alternate between 

(61) it - IT and ]T i^m-i-i 

0<j<m-l 

although we have not checked this completely. 

Now, one can show that FaFiF 2 E 2 EiE3l^ = ®[ m ]lk where k = (0, to, 0, to, 0, to). Thus we end up 
with a complex 

-> lfe(-TO(2n - 1) - 1) -> lfe(-m(2n - 1) + 1) -»■ > U(-to + 1) -»• l t 

[m] [m] [m] [m] [m] 

The right hand map is again injective. The rest of the maps alternate between being zero and being 
an isomorphism on exactly one summand of the form 1&. After cancelling out, this gives a complex of 
the form 

4 C(-5m) -> C{-3to) A C(-3to) -> C{-m) 4 -» C(l) 

[in— 1] [m — 1] [m— 1] [m— 1] [m][m— 1] 

Thus, we arrive at the Poincare polynomial 

q -m + t 3 g 3m 

1 - t 2 q 2m 

A little calculation show that Xg,-i(^Ai+A TO _i) = [m] 2 — 1 (when to = 3 this was also computed in 
[Ros, Example 5.5]). Moreover, if we carefully redo the computation above over Z then there will also 
be Z/mZ-torsion. This torsion is isomorphic to © d>1 Z/mZ(— 2md)[2d\. 

11. Further remarks 

II. 1. The clasp P + and the associated link homology 7-Cf(K). Recall that in section [7751 we 
defined the complex ^ _{K) whose homology gives the link invariant TCl J (K). This involved the 
projector P~ 6 Kom~(/C) defined as lim^oo . One can equally well define the functor 

P+ := lim JZ 21 e Kom+(/C) 

where Kom+ is the analogue of Kom~ consisting of complexes that are bounded below (see section 
I3.3.3[) . The same argument gives a complex ^f + (K) whose homology HV(K) is also a link invariant. 
In this section we explain in what sense T-C^ (K) and T-Cl 1 (K) are dual to each other. 

Remark 11.1. Note that P~ is defined as a direct limit of T~. In contrast, P + is defined as an inverse 
limit of T~ 2e . 
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11.1.1. Duality. Consider a categorical 2-representation K. of sloo and suppose each weight space T>(\) 
has a duality functor D : T>(X) — > T>{\) satisfying the following properties: 

(i) D is contravariant and B(A{1)) = B(A)(-i) for any object A G £>(A), 

(ii) D o E, t l\ = Fj o a, t ) + 1} and D o D = id. 

Now, assuming all the 1-morphisms in /C admit adjoints we can extend this to a functor on the 2- 
representation (B\T>(X) as follows: 

. B(2?(A)) :=V(-X) {i.e. V(X) new :=V{-\) old ), 

• D acts on 1-morphisms by taking their right adjoint. Thus it is contravariant with 

D(Eil A ) := (Ma)« - F i ((A,a i ) + 1} and D(l x Fi) := {l\?i) R = Ei(-{X,on) - 1), 

• D is contravariant on 2-morphisms with B(0j) := 9i. 

The fact that D is contravariant means that it extends to Kom~(/C) with D(Kom~(/C)) = Kom^"(D(/C)). 
Moreover, the representations categorified by K. and B(/C) are dual (i.e. K(B()C)) = K(K.) V ). 

Example. Consider the categorical 2-representation from section [3] where T>(\) = D(Y(i)) are 
used to categorify A™°° (C m <g> C 2o ° ) . We take B : D(Y(i)) -> D(Y(i)) to be the Grothendieck-Verdier 
dualizing functor 

A h-> A v ® WyQ [dim y(i)] for any .4. e D(Y"(i)). 

Condition (ii) above holds because for any two kernels V\,Vi we have (V2 * "Pi)r — CPi)r * (J 3 2)r- 
Thus 

D(Ei(^)) - (E 4 („4)) v ® Wy(i0 [dimF(i / )] 
= (£< * 4)* 

(^)«*(^lA)ii 
= (A) R *J 7 i ((X,a l ) + l) 

= F t (A w (g»wy (i) [diiny(i)])((A,a i ) + 1) 
= F i (B(.A))«A,a i } + l) 

where £; G D(Y(i) x is the sheaf that induces and we think of A as a kernel on Y"(£) x pt. 

The map A n> —A corresponds to i <— > m — i := (. . . , m — ik-i, rn — ik, rn — ik+i, ■ ■ ■)■ 

Remark 11.2. All along in this paper we have been thinking of the C/ 9 (s[ oc )-module A™°°(C m (g>C 2o °) 
as a highest weight representation where the highest weight corresponds to (. . . , 0, 0, m, m, . . . ). Its 
dual is naturally a lowest weight representation with lowest weight (. . . , m, m, 0, 0, . . . ). The duality B 
interchanges the 2-categories of highest and lowest weight representations. If one ignores the extra cat- 
egorical structure which 2?(A) carries then such a duality has been considered before (see, for example, 
[Kou2l Remark 4.9]). 

Let us see how B acts on the associated tangle invariants. First, up to some shift, it flips cups and 
caps. To see this, note that a cup and a cap are defined by maps 

F| fe) : T>{. . . , 0, m, . . . ) -> P(. . . , k, m - k, . . . ) and Ef ] : V{. . . , k, m - k, . . . ) ->• £>(. . . , 0, m, . . . ). 
Then 

(62) B o Ef 5 (Ef oB = Ff ) o B(m - k) and B o F,f } = (Ff } )r o B = Ef 3 o B(-m + fc). 

Second, it exchanges positive and negative crossings because (Tj)ij = T,^ 1 . Finally, since P~ = 
lim^-j-oo T 2 / it also interchanges P~ and P + . 

Proposition 11.3. Let K be a framed, oriented link and denote by K' its mirror. Then ^ + (K) = 
*_(X ! ) V and subsequently (K) = liZ 1 '' 3 (K l ) . 
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Proof. The homology TCl 3 (K) is computed from fy-(K). Now consider D o \&_(if). Moving D to the 
right has the effect of flipping K about a horizontal line, interchanging positive and negative crossings 
and exchanging all projectors P~ with P + (at least up to some overall grading shift). 

Now, flipping K gives an equivalent link while exchanging over and under crossings amounts to 
replacing K by its mirror K\ Moreover, in the end there is no overall grading shift since, in a link, 
caps and cups always come in pairs and so the shifts in (|62j) actually cancel out. 

Thus we end up with D o -fy _{K) = ty + (K') o D and the result follows. □ 

Remark 11.4. If K does not contain any clasps (i.e. its strands are labeled only by fundamental 
representations) then "H % + (K) = Till (K) and there is only one homology, which we denote simply 
W' j (K). Then Proposition [TO] implies that W } (K) = H^'^ jK 1 ). When m = 2 (i.e. in the case of 
Khovanov homology) this fact was originally observed in Kill. Cor. 11]. 

11.2. Triangulated 2-representations. Let us consider the categorical 2-representation /Ccr,m from 
section [8] This 2-category is actually triangulated (in the sense of section [3.1.3|) although in this paper 
we ignored this extra structure. The grading (1) is equal to [1]{ — 1} where [•] is the cohomological 
grading and {■} is the grading corresponding to the C x action on the varieties. 

Now consider larger the 2-category JCq t m where we allow complexes of sheaves and FM kernels 
which are unbounded above (one can also allow unbounded below complexes which gives K.q t ). The 
2-category K,q t m should not be confused with Kom + (/CGr,m)- 

Now, consider a complex (A # , /,) = A„ — ^ A„_i — > • • • — i> Ao of 1-morphisms. This is naturally an 
object in Kom(/CGr,m), but since A^Gr.m is triangulated, we can try to take a convolution C(A.) of A.. 
Let us briefly recall this concept (see also [GMj section IV, exercise 1). 

If n = 1 then C(A.) is just the cone of /i : Ai — > Ao- If n > 1 it is an iterated cone. More precisely, 
a (right) convolution of (^4,,/,) is a 1-morphism B such that there exist 

(i) 1-morphisms Ao = Bq, Bi, . . . , B n _i, B„ = B and 

(ii) 2-morphisms gi : B;[— i] — > A;, hi : A^ — > Bi_i[— (i — 1)] (with ho = id) 
such that for each i 

(63) BiHJ-^Ai-^Bi-xKi-l)] 

is a distinguished triangle and g.^i o hi — fi. Such a collection of data is called a Postnikov system. 

In general a complex may not have a convolution or, if it exists, it might not be unique. However, 
there exist certain conditions (see for instance jCaKll Proposition 8.3]) which imply the existence and 
uniqueness of a convolution. In [CKLlj we showed that the complex (|12[) defining T^Ia satisfies these 
conditions when r — and hence has a unique convolution C(Ti)l\ € /Ccr.m- Notice that C(Tj) is now 
a 1-morphism in /Ccr.m (not a complex of 1-morphisms). Thus Tj has a convolution C(T^) € /Cci-.m 
and the map 1a — > T^l>, induces a map 1a — > C(T^1a). Subsequently we can then consider the limit 
lim„^oo C(T^1a)™ and ask if it is well defined. 

Lemma 11.5. Suppose X is a weight such that T.;1a = [EiFjlx(— 1) — > 1a] fi-c. (A, — and the 

weight spaces X + rca are zero if \r\ > 1). Then the limit linin^oo C{J i) n \\ exists as a 1-morphism 

Remark 11.6. Notice that although P~ (resp. P + ) is a complex unbounded below (resp. above), its 
convolution turns out to be a kernel unbounded above (resp. below). 

Proof. The composition T?"1a is homotopic to a complex of the form 

(64) [E i F i l A (-2n - 1) -> E i F i l A (-2n + 1) -»• > E 1 F ! 1a(-1) ->■ 1a] 

as described in equation (|55|) . Thus C(T| n lA) is equal to some convolution of this complex. It is not 
hard to check that in /Ccr.m the kernel E^Ia is actually a sheaf. Since (1) = [!]{ — !} this means that 
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in C(Tf n )lA, the term EiFil\(— 2k + 1) in homological degree —k contributes a sheaf in homological 
degree —(—2k + 1) — k = k — 1. Taking the limit we find that limn^oo CiT i) 2n l\ lies in JCq t . □ 

Note that in the proof of Lemma[TT3]we used that E^RIa is a sheaf. In fact we only needed to know 
that EiFil\ is some bounded complex since then EiFil\(— 2k + 1) contributes this bounded complex 
shifted up by k and as k — > oo this fixed complex drifts off to +oo. Since E^RIa is clearly bounded we 
only end up using that T 2n l\ is homotopic to the complex in (l64l) where the difference between the 
shift (•) and the homological degree tends to — oo. A more detailed study of T 2 ™1a along the lines of 
section |331 should prove the following. 

Conjecture 11.7. The limit limn-i.^ C{T i)^ 2n \\ exists as a 1-morphism in JCq t and is isomorphic 
to a convolution of . 

11.3. Geometric construction of clasps. The clasp P~ was defined algebraically in section [6] for 
any categorical 2-representation. However, the definition of the 2-representation /Ccr.m from section [8] 
is almost entirely geometric using the affine Grassmannian. 

Question. Does P~ have a simpler description in terms of the geometry of the affine Grassmannian? 
The answer seems to be "yes" when m = 2 and "perhaps not" for m > 2. 

11.3.1. Case m = 2. Suppose m — 2 and i = (0, 1, 1,2). Then Y(£) is a compactification of T^P 1 which 
categorifies V® 2 (where V is the standard s^-module). Now 

Y(i) {C[z} 2 = L(]CLiCL 2 C C(z) 2 : zLj C and dim^/ij-i) = 1 for j = 1,2} 

so forgetting L\ induces a natural map p : Y(i) — > Y(i) where 

YXl) = {C[z} 2 = L C L 2 C C(z) 2 : zL 2 C L 2 , z 2 L 2 C L and dim(L 2 /L ) = 2}. 

Generically p is one-to-one since L\ can be recovered as L\ = zL 2 , but over the point where {L 2 = 
z^Lq) G Y(i) the fibre is P 1 . Note that the restriction of p to the open subscheme T^P 1 C Y(i) is 
just the affinization morphism. Subsequently, there is a natural functor 

p*p*:D-(Y(i))^D-(Y(£)). 

We have to allow complexes unbounded below because Y(i) is singular and hence p* can take a bounded 
complex to an unbounded below complex. 

On the other hand, we have the 2-representation 

D(Y(0,2,0,2) ^ D(Y(i)) ^ D(Y(0,0,2,2)) 

F F 

used to define the categorical clasp P _ . To make the connection with geometry it is easier if we work 
with the dual clasp P + . As discussed in section [11.21 P + has a well defined convolution. This functor 
is induced by some kernel C(P + ) e D~(Y(i) x Y(i)). The following result was proved in section 6.3 of 
[Cal] (Proposition 6.8). 

Proposition 11.8. If m = 2 and i = (0, 1, 1,2) then the composition p*p* : D~(Y(i)) —> D~(Y(i)) is 
induced by the kernel C(P+) e D~(Y(i) x Y(ij). 

If you are interested in the geometry, then this result gives a representation theoretic way to under- 
stand the somewhat complicated functor p*p* in terms of the simpler functors E and F. For instance, it 
allows you to compute the cohomology of the kernel which induces p*p* ■ Unfortunately, as we explain 
next, it does not generalize in an obvious way. 
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11.3.2. Case m > 2. Suppose to > 2 and consider i = (0, to — 1,1, m). This time Y(i) compactifies 
T*P m_1 . Forgetting L\ gives a projection p : — > Y(i) where Y(i) is the singular variety 

{C[z] m = L cL 2 C C{z) rn : zL 2 C L 2 ,z 2 L 2 C L , dimker(z| i2 / Lo ) > m - 1, dim(£ 2 /£o) = m}. 

As above, restricting p to j^p" 1-1 C Y(i) gives the amnization map. 
On the other hand, we have the 2-representation 

E EE E 

£>(y(0,m,0,m) <=* D(Y(i)) v±...+± D(Y(i')) +± D(Y(0,0,m,m)) 

F F F F 

where i' = (0, l,m— 1,to). This gives rise to P + which categorifies the composition 

The complex P + has a convolution C(P + ) G D~(Y(i) x Y(i)). Unfortunately, the analogue of Propo- 
sition ITl~8l is no longer true. In other words: 

Claim. If m > 2 and i = (0, l,m — l,m) then the composition p*p* : — >■ D~(Y(t)) is noi 
induced by the kernel C(P + ). 

To see this one checks that these two functors are not even equal at the level of K-theory. The 
kernel of [P + ] € End(VAj 8> VA m _i) is one-dimensional since dim(VA 1 ® Va ?ii _ 1 ) — dim(pAi+A m -i) = 1- 
On the other hand, the kernel of is at least (m — l)-dimensional since p„ kills O pm -i(— i) for 

i = 1,2, . . . , m — 1 where 

P'"- 1 = {C[z] m = L C Li C L 2 C C(z) m : L 2 = C Y(i). 

Subsequently, there are two obvious questions if to > 2 and i = (0, 1, m — 1, to). 
Question #1. Does the kernel C(P + ) € £) _ (Y(i) x F(£)) have a geometric description? 
Question #2. Is there a representation theoretic description of p*p st : D~(Y(i)) — > D~(Y(i))7 

However, there is still hope that all clasps can be explained geometrically when m = 2. More 
precisely, consider 

D(Y(i)) = {C[z} 2 =L(,cLiC---Ci fc C C(z) 2 : zL j+1 C L h dim^+i/Lj) = 1} 

where i = (0, l fe , 2) for some k E N. Then, as above, we have a projection p : Y(i) —> Y(i) which forgets 
Li, . . . , Lfc-i- On the other hand, we have the functor P + which categorifies the clasp 

v® k ^ v kAl A v® k 

and its convolution C(P+) 6 D~(Y(i) x Y(£)). 

Conjecture 11.9. If to = 2 andi = (0, l fe , 2) for some k S N then the composition p*p* : D~(Y(i)) — » 
D-(Y(i)) is induced by the kernel C(P+) 6 £>~(Y(i) x F(l)). 
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